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CHAFTIE I 

The Origin of the Quantum Hy pothetls 

§ X. BI»ck-Body Radiation and it» Rtalisation m Practice 

Quantum Th®ory first »w light in llHMt. Wljt*n, m 
X the years immediately pre^dkg (l«9?4Hmh* 
and Prvngsh^m made their fundamental mt*ftiuretxn’rtfc?i t of 
black-body* radiation at th® they ttouid ImvH 

had no preraonlMon that th®lr ©artful txptrinirnfcH would 
become the starting-point of a revolution sunh haw Ht*ldt>m 
occurred in phydos. 

In the field of heat radiation chief intertil at that tlmt^ wu 's 
centred in the radiation of a black body (briefly mllcd ** Idack- 
body radiatlon)> that is, of a body wMch alworlns ctJtnpUteiy 
all radiation which falls on it and which thui ri’fltcte, tratw^ 
mlts, and scatters* none. We may shortly call to mind 
the foUowkg facts. It is tmown that any tiody at a given 
temperature sends out energy in th® form of radiation into 
the 8urroui\ding space, This radiation is not oncr^ in a 
single simple form hut Is made up of a numlwr of single 
radiations of different ooloms, l,e. of different wave-length® A 
or of different froquondcs* v. In other words, it forms in 
general a spectrum in which radiations of all frr^q«eneH»a 
between v = 0 and v n» oc are represented. Farther, these 
radiations are present In varying “ ktensitlei.” Wo define 
this term thus.. Consider the radiation emitted from unit 
surface of, the body, per second k a obtain dlreetion j htmh 
, it up spectrally and'out out of the Spectrum a small frequency 
intervahdv such that it contains all frequenoks Uawetm r a?«l 
V + dv.^ The energy of radiation thus sliced out (namely, 
the emisevtiity ^ of the hody for thefrequsMy v) may k' defined 



I4I.W of Cavity Ratliatioii, which 1% tm mmtmum 

or a omitif mhwh u amkmd tm mil sUm % tBfimdvng walk, 
$xtm‘mttyjmksk4f ram exchmiyhig tmU mUh Un »urmumiimjs, 
ttnd ilts mnuUlkm of ** hkwk rtuiudum ** is nukf- 

maUmlly sd up if oil lk$ mdUtng otid ohmbmj Imdm ai Urn 
wolhofifi th§ &mh»uf§ or# tti tim smtm tswitwralure, Iti a 
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the smaller the openiBg, that is, th© less the oomplftteniis of 
the enolosure was disturbed, The manuar in which the 
intensity Km of the black radiation thus realised dfi|Xindid 
on the frequency v and the temperature T had next to b® 
determined. The above-mentioned investigation of Immwkir 
and Pnngshem was devoted to this purp«e. 

§ 2 . The Stefim-Boitzmiuin I„a,w of Radiahott mi Wfea^i 
Displacement Law 

While experimental research was proeoediiig on lls way, 
theory was not idle, for valuable pioneer work was being 
done inasmuch as two fundamental laws wer© »t up. In 
the first place, L. BoUzmam* proved, with the help of 
thermodynamics, the law previously enunciated by 
that the sum-total of the radiation from a black body, 
taking all the frequencies together, naoiely, Ih® quantity 

poo 

is proportional to the fourth power of its abiohite 

temperature : 

K m y, pk (y m OOUSi) , , *(81 

The laws proposed by Witn entered more deeply Into th® 
question. Wien imagines the black radiation enelosed in a 
closed space with a perfectly reflecting piston as on® wall, 
and then supposes the radiation to be compresH(*rl atliabatieally, 
as in the case of gases (that is, no passage of heat to or from 
the cavity is allowed during the prooess), by inflnitidy slow 
movements of the piston. Now, If we express tht» ohangi! 
which this prooess causes in the energy of a deflnitt' colour 
interval dv in two ways, and if we teke into oonsidoration 
that the waves reflected at the piston undergo a change of 
colour according to DoppWn principle, we 8ucoe*ed in limiting 
very considerably the unknown functional dependenee of the 
quantity Km on v and T, There is thus obtelntd a re- 
lation of the form « * 

’ V . A ^ (f) • * * W 

in which e Cs the Woclty of light m mmo, the function 
being Ht hudetermitied. fxm this, Ftsn’i Bisplacement 
X^aw^ the oonolusiohi? may be drawn that the frequency 






founded on MaxtmWs I&vv of diitribulion of vulooUiei M»mottg 
gfti moleoulos, hci an-ivod at thu following ipeoialiiiid forai 
of tb© function F 
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a . ft ’ 


(« and fl atti two 


Thua the law of mdiatioii (4) aaiumts thu form 

K. . . 

0 * 
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6 THE QUANTITY TIIEOKY 

fjaw of Badiation oonflrmad only Cur high that isi, 

for short wav6*lingths (more prooiHoly, for largt? valurn of 

auddeteeted, on the other hand, 

foTWiall frcquemms, tfmtht fur losuj mtrednujthnM They 
maintained with nnswervlng peraisiitunae that th^'^e dintirepan- 
oies wore real in spite of objeotloiw from authoritativo tiuarteva. 
For while F, Pam^mi imagiuod that he had provt’d hy Ids 
work that I^w of ItswUation wan un»v«*rfi:dly valid, 

Max Plamh, in his detaiknl thtwy of irrevrr?4hlo prtHjeNHiis 
of radiation^* had arrived again at radiation formnla 

by a more rigorous methoti. Blartirig from Klrthlktff*» Law 
of Cavity Badiation, aooording to wiiioh the prumuioe of any 
emitting or radiating substanoo whalatwver in a ttnifuritidy 
beated enclosure prt^uoes and ensurtis the ntmitilenartoo of 
the condition of blaak4>ody radiation, Phmck ohOHu an the 
simplest sohematio model of swoh a suimtanoti a ^yatem 
of linear electromagnetic osoillafeorM, and invesitlgatod the 
equilibrium of the radiation set up Iwtwwm tlmin aiui thii 
radiation of the enclosure. This is to l«s wndornUKKi as fol- 
lows : Bach of the Flamk osQlllatort~fts such wii may, for 
example, assume bound eleoti'ons oapfdde of vibration— pot- 
sesses a fixed natural frequency sand impoadi, on awount 
^of its weak damping, only bo those waviit of Iht mdlalion in 
the enclosure whose frequenciei 11® in Iht immadiali neigh- 
bourhood of K, while all other waves paii over It without 
effect. The oscillator thus acts sdeotively, as a risonalor, in 
just the same way as a tuning-fork of difinite pilch com- 
mences to sonnd only when ite own *' proptr *’ ton#, or otii 
Tery near it, is contained in the volume of sound which ttrikcs 
jt. In this process of resonance, howevtr, the mclllalor ex- 
changes energy with the radiation inasmueh m, on the out 
hand, it acts as a resonator la absteacllng in®rgy from feh® 
external radiation, and, on the other, it acts m an oiclUahir 
and ramabes energy by, its own vibration. Hence a dynamic 
• equUtbrium is set up between the owdUator and the mdiation 
m the enclqsure, and, indeed, between just those waves of 




be proportioimi to tba intoriBity Ki-, a imult whioh 


obtaiood 




Tho oombinafeion of (7) and (8) givoi Ui 
tiou (6). 


a diiortli number of finite “©lemonls of iinorgy" 
qmiUa) of m.ftgnltude i, and iuppoiod Ihowj tinnrgy 
to be distributed at random among tb# Inci!¥ldual oaoilkteiti 
0 SM% m ft given number of bftUi, »y 5, may Iw dintribub'd 
among a oirtein number of box«, say 8. Kaoh aiudi tliMtti* 
ballon (of 5 balli arootig 8 imiit) may obviously iw oaniiHi 
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out in a number of different wayn, whereby, iunvtfver, wu are 
not concerned with whiohfar/icNkr bal 1 m lie in which ;wr- 
ticular boxes, but with the mmher contained in taush.^ Now 
since each such “distribution *’ cormspondH to adethiite ntato 
of the system, it follows from what has jicd been Maid lhafc 
each condition may be realised in a munluu* of dillVivtit 
ways, that is, each condition is oharaeteriMial by a certain 
number of possibilities of realisation. TIum number h c.dlcd 
by Planck the thermodynamic probability IT of the cotuittion 
in question. Por it is obvious that the probability tif a eon» 
dition or state is the greater, i.e. it will occur the* more fre- 
quently, the greater the number of ways iti which it may 
be realised. By means of the usual formula of permuta* 
tious and combinations, of which the latter ahmo mmv into 
consideration here, it was possibhs to calculate the probability 
of any given distribution of the elements of energy among 
the oscillators,^ and thus also the probability of a gif«n 
energetic condition of the system of osoillatow as a funo- 
tion of the mean energy U of an oscillator and of th® tniirgy 
quantum. Now, L. MoUzmann^ has given an estriBjeiy 
fertile rule, which connects the probability of uUM W of ii 
system with its mtropy S, a magnitude which, as it well 
known, plays a similar rdle in the second law of tbirmodyna- 
mios to that played by energy in the 'first. Thus S wm ob- 
tained as a function of l7 aad «. If now, on the olhcr hand, 
one applied the second law itself, which axprii»es Iho en- 
tropy fif as a potion of the mean energy 0 and the al^olute 
temperature IT, the following result was obtaimni by this clr- 
omtous process : the entropy, as an auxiliary magnitude, was 
eliminated, and a, relation between iJ, T, and « was ptintal. 

Ahis fundamental result, first obtained by Planok, l» as 
toilows — 

\ ^ being a constant) , . ffi) 

’ V’ - 1 

But from (7) and Displacement I^w (4) it followi 
that for the mean energy ET of an oscillator, a relationslup of 
the foUowmg form e^sts 

^ . . fioi 


K 


which Plamk first deduced iu the year 1900 in th® mannar 
above described, that ia, by the hypothesis of energy t|uanta. 
In the same j^ar as well as in the following y«iar this Ijtw of 
Radiation was confirmed very satisfactorily by /£ IMmm and 
F, Eurlbaum for long waves, and by Pamhmt^ for short 


if tlillUj IHII « I 






Pmmk i formuli. itti lorao. 


and thus pasaea over into Wkn^n r.iiw (af. fornuilft (B), 
which, as wo have seen, wtw eonlinned hy espininsnut fur 
those frequenoies). In the other limiting yawe, i.e. for lung 

waves, low frequencies (more exactly for small valuesi uf 
XHamh’s formula assume the form 


in the region of long wave-lengths, had been iif«n pre- 
viously by Lord Baykigh-^ Pktmk*» formula thui ©ontaint 
Wien'B Law and Baylmgh's Law at limiting mnm. 

If we use the wave-length X instead of thi frequency r, 
Flanok^s Law takes the form 


To make this clear, the intensity of radiation is plotted 
in E'ig. 1 as a function of X for varioui valnts ©f J*. The 
curves which ^Iblt K.* as a function of r fe»vt it quite 
similar appearance. The maximum of the J&V-ourves li« at 
Jus 

the point at which has the value 4*9S51, 

It follows that ,, , 

' Xistix • ST ■# *" 0*04U K 10** * ^ ® 

a relation, which is ideatol In form with Ifwui’# Diiplaw- 
ment Law (6a). ' ”■ 

■ I*or the total radiation we get from (IS) or (15) 

X - aPlCA •> af "xuDi » . 5P « V • l' . (XT) 




nttliiitiou formulat.® From Kitribmmm'i 
immiuromeriti of Ihe Bt§fmn«.ikMmmwn 
tmmkiid y, whiah Wire ftmllabl© a,l ll«l 
time, ftricl from Ihe oonslftol I of Wmn*M 
Iaw (meifeitt.r©cl by Lmm^er 
ifcod Pnmj»fmm) Phmk^ touui %\m teU 
lowing viduos : 

h m 6'fi48 X lO“®C«rg * S0o,| 

« me . 1 , (18) 

I «S‘g. j ^ 


~M wi »» from 

the ilrowgly v&rying vahmi givin ia note IS—biii not yt?! 
reaohid a aufflaiont degr»® of «trtfU«ly, to allow a very im« 
oumti oitlcniktion of the two tmliatiow oonatanti h and k U» bo 
bM#d on tbi 8hfan<-IhUim%nn oonitanb, Molbodi wbiob 
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immediately revealed. Eor it was found ^ that the constant 
h of the radiation formula is nothing other than the quotient 
of the absolute gas constant B (which appears in the equa- 
tion of state of an ideal gas) and the so-called Avogadro 
number N, i.e. the number of molecules in a grammolecule. 

i = | .... (19) 

As the value of B is sufficiently accurately known from 
thermodynamics 

(b = 8-31 X 107 ["1^1-1= l-gsr^ lY 
V Ldeg.J Ldeg.jy 

Blanch by making use of the radiation measurements, was 
able to calculate the value of N. By using (18) he found 

N = 6-175 X 1023 . . . (20) 

The agreement of this value with the values deduced by 
quite different methods is very striking.^o Avogadro's Law 
forms the bridge to the electron theory. Eor it is known 
that the electric charge which travels in electrolj^sis with 
1 gramme-ion, that is, with JY-ions, is a fundamental con- 
stant of nature, which is called the Faraday. Its value was, 
according to the position of measurements at that time, 
9658 . 3 . 10^3 electrostatic units (the value nowadays ac- 
cepted 37 is 9649-4 , 2-999 . 10^3). If now each monovalent- 
ion carries the charge e of the electron, the equation 

Ne = 9658 . 3 . lO^o . . . (21) 

must hold. From this, by using (20), we get 

e = 4-69 X 10-1® electrostatic units . (22) 

The value of the electron charge thus calculated by Planch 
from the theory of radiation differs only by abont 2 per cent 
from the latest and most exact measurements of B. A. 
Millikan,^ who found the value 

e = 4-774 . 10 “ 1® electrostatic units. . (23) 

A truly astonishing result. 
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OHAPTBE II 

The Failure of Classical Statistics 
§ I. The Equipartition Law and Rayleigh’s Law of Radiation 

I F these great successes had justified faith in Planck's 
Theory, it was also soon recognised — as had already been 
emphasised by Planck in his first papers — that the central 
point of the theory lay in the Quantum Hypothesis, i.e. in the 
novel and repulsive conception, that the energy of the oscilla- 
tors of natural period v was not a continuously variable 
magnitude, but always an integral multiple of the element of 
energy, that is e = hv. The recognition of the necessity of 
this hypothesis has forced itself upon us more and more in the 
course of time, and has become established, more especially 
through indirect evidence, inasmuch as every attempt to work 
with the classical theory has led logically to a false law of 
radiation. For when Planck turned the radiation problem 
into a problem of probability — for a definite amount of energy 
was to be divided among the oscillators according to chance, 
and the mean value U of the energy of an oscillator was to 
be calculated — it became possible to apply the methods of 
the statistical mechanics founded by Clerk Maxpell, L, 
Boltzmann^ and Willard Gibbs. And the application of these 
methods to the case in question appeared to be demanded 
from the start, if the standpoint, self-evident in classical 
physics, that the energy of the oscillator could assume in 
continuous sequence all values between 0 and oo were 
adopted. What, then, did statistical mechanics require? 
One of its chief laws is the law of the equipartition of kinetic 
energy, 39 according to lohich in a state of statistical equilibrium 
at absolute temperature T every degree of freedom of a mechan- 
ical system, however complicated, possesses the mean kinetic 
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„mrgy in tins expression the constant 4 is defined bv 
(19) and IS thns the same constant as that which appears 
m the Law of Badiation. A system of / degrees of fr^dom, 
r “t a temperature Ta mean kinetio energy 

f-ikT. For example, the atom of a monatomic gas is a, 
oonfl^mtion which possesses three degrees of freedom if we 
re^rd It from the point of view of mechanics as a mass- 
point. Its kinetic energy at the temperature T has therefore 
a mean value independent of its mass, a result which 
has been known in the kinetic theory of gases since the time 
of JlfM«ii, and which IS deduced as a consequence of his 
law of distribution of velocities. 

PZawcA’s linear oscillator, which is essentially identical 

^ possesses one 

hpffl! energy at the temperature T 

tltZfT potential 

energy of the oscillator is equal to its mean kinetic energv.« 

its mean total energy (kinetic plus potential) has 




oloiwra). Farther, H, A, dtdaeed in m |Mm®t«ling 

inviitipfelon Ihe fchemml mdiafeion of Ihi naeteli, itarting from 
the oonoiption fehi,t th« fr©e “ oondBotion eliotrons/* whieh 
ottry thi ourrent, pmdlao® the radiation by Iheir oolliiloai 
with thi atom®, and applying th® Iiaw of b3<|tiipa.rtiti0n to 
thi motion of thtw ilsolmns. The problfm'wat alteoked 
in a somewhat different fMhion by A. BimUin and L, 

They imagined th® Phmk osoillator firmly attaohed to a 
raoleoula, and thin ooniidered this oomplex esposid to thii 
Hidiation and the Irnpaots of other moleoubi. The fjaw of 
Ikdiation oould then he dednoeid from the condition that the 


6i. All these different ways «ride«i, 


wo arrive of ncMsifey at ihi« wrong law, 
s validity of EttmUkm'i Principle and t,r 
&|«i|»rtition for the totality of the pheno^ 
ni@al and ©lictromagnotic nattire) which 
enoloiwre containing radiation, .matter, and 
n Ihi limiting ©is# of high tom|«Matu«i« or 
do Ihi rwnlte of the cl^»{ Ihwiry 





The Development and the Ramifications of the 
Quantum Theory 

§ I. The Absorption and Emission of Quanta 

A S stated above, the conviction was bound to establish. 

itself that every attempt to deduce the laws of radiatioji 
on the basis of classical statistics and electrodynamics was 
doomed from the outset to failure, and it was necessary to 
introduce a hitherto unknown discontinuity into the theory - 
It was, of course, clear that this “ atomising of energy ” would 
ooi^ot sharply with existing and apparently well-founded 
theories. For if the energy of the Flanck oscillator was only 
to amount to mtegral multiples of e = hv, and therefore was 
o^y to be able to have the values 0, c, 2e, 3e . . . then, since 
the oscillator only changes its energy by emission and ab- 
sorption, the conclusion was inevitable that oscillators cannot 
absorb and emt amounts of energy of any magnitude but only 
• whole multipks of e. {Quantum emission and qucunUum 
. ^sorptwn.) This conclusion is in absolute contradiction to 
classical eleckodynamics. For, according to the electron 
theory, an electromagnetic oscillator, for instance a vibrat- 
ing dectro^ emits and absorbs in a field of radiation perfectly 

sufficiently short times it emits 
or absorbs indefimtely small amounts of energy. 

la. Knstein’s Light-quanta ; Phenomena of Fluctuation in a Field 
of Radiation 

‘te new country there 
yawned S' gulf , which- had either, in view of the 
suocera of the clMsical theory, to be bridged over by^a com- 

discarded 

e gap would be relentlessly enlarged. Einstein felt him- 
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A comparison with (26) shows that the radiation, within 
the limits of validity of Wien’s Law, behaves as if it were made 

( LJ\ '' 

^ complexes of energy, each of mag- 

nitude hv. 

Two other investigations 8i of Einstein led to the same 
conclusion. In the first, a very large volume filled with 
black-body radiation is considered, which communicates with 
a small volume v. If E is the momentary energy of the 
radiation of frequency v in the volume v, this energy varies, 
^ is known, irregularly with the time about a mean value 
E; the magnitude €^E- E is called the fluctuation of the 
energy. Now, the general theory of statistics leads to the 
following value 82 for the mean square, that is, for ?, 

. . . (28) 

H we replace E by the value obtained from Planch's Law of 
liadiation, we obtain for the mean square of fluctuation an 
expression with two terms, 83 in which only one term can be 
calculated- on the basis of the classical undulatory theory; 
the second, which greatly exceeds the first in magnitude 
when the density of radiant energy is low (that is, at high 
frequencies or at low temperatures, in short, when Wien’s 
awis ya ), can only be understood when we again picture 
' the radiation as composed of indivisible energy-quanta. 

ihe second of Einstein's two investigations, to which we 
referred above deals with the fluctuations of impulse which 
wfl k Reflecting plate is subjected to in a field of 

hlaci-body radiation on account of the irregular fluctuations 
of radiation. If. in addition, the plate is sub- 
oJ gas-moleoules,^ under the' 

iT radiation on the other, im- 

SiSr 1-“® *0 >1°“ 

thevariahona^’r' • follows for the mean square of 

thsvanahons m impulse due to the radiation an expression 

•r ^ h s;- 
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TRANSFORMATION OF LIGHT-QUANTA 19 

m two terms, only one of which is explained by the un- 
dulatory theory of light. The other term points to a 
quantum-like structure of the radiation, and this suggests the 
introduction of the light-quantum hypothesis. 

§ 3- Transformation of Light-quanta into other Light-quanta or 
Electronic Energy 

However strange this hypothesis appeared, it was not to be 
denied that it was capable of explaining simply and naturally 
a number of phenomena which completely baffled the un- 
dulatory theory. A very striking example of this is afforded 
by the laws of phosphorescence, investigated by P. Lenard 
and his co-workers, and especially by Stokes’ Law. For if 
vp IS the frequency of the phosphorescent light emitted 
and the frequency of the light exciting phosphorescence; 
t^hen according to Einstein's conception, b 4 one quantum hv, 
tbp radiation is changed through absorption by 

the atom of the phosphorescent substance into one quantum 
hvp oi the light of phosphorescence. According to the priii- 
mple of energy, we most have i.e.°.>v,. And 

this IS Stokes Law. ~ 

nbpnn*^®''' Of phosphorescence 

favour undulation hypothesis and in 

luTi light-quanta. According to the classical 

on whtr^ ^ ^ phosphorescent body 

on which a hgh -wave impinges, should absorb energy from 

the wave, and thus all simultaneously become able to emit 
phosphorescent light. In reality, relatively only very few 
molecules are excited to phosphorescence at the same time 
and only gradually, m the course of time, does the number of 
molecules excited increase. It would thus appear as if the 
hght-wave falling on the phosphorescent body has not equal 
intensity along its whole front-as the classical thLy 
assumes-but rather as if it consists of single energy-corn^ 
plexes thrown out by the source of light, so that the wave-point 
possesses as it were, a “beady” structure, in which active 
portions (light-quanta) alternate with inactive gaps 

This conception of the “beady” wave-front had played a 
part before the advent oi Einstein’s hypothesis of hght-quLta. 

J. J. Thomson.^ had tried to make use of it to explain the 
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the exact determination of h. The value found by Millikan, 
> 10 is in good agreement with= the value 

^ = 6-648 X 10-27 found by Planck from radiation measure- 
tnents. 

In an entirely similar manner as was used for the 
phenomena of phosphorescence, the phenomena of fluores- 
Gence in the regions of the Eontgen and visible radiations may 
oe explained by the hypothesis of light-quanta. The in- 
Vest^ations of Gh. Barkla, Sadler, M. de Broglie, and 
^ TYapw^rei have shown the following: if a body is inun- 
^ted with Eontgen rays, and if the absorption of these rays by 
tiiie body IS measured whilst the hardness (i.e. the frequency 
e) of the rays is varied, the absorption, as we pass from 
ower to higher ve, suddenly increases to a high value for a 
ei^ain value of v,. At the same moment the body begins 
^ the expense of the energy absorbed, to emit a secoi^ary 
•^ontgen radiatmn characteristic of the body itself in the form 
Of a line spectrum. It further appears that all lines emitted 
^ave a lower v than that of the exciting radiation. As a 
^ ^ypotliesis of light-quanta requires that the 
aiation-quantum hv of all rays emitted as secondary radia- 
^ smaller than the quantum hv of the primary 
region of frequencies which 
Vr ‘A^-series” stretches from a sharply 

fined limit j/^ (the so called “ edge of the absorption band 
Tap wards towards higher frequencies; whereby v, is some- 
v^at larger than the hardest known line (y) of the A:-series 
other words, the excitation of secondary Eontgen radiation 
fc>y primary Eontgen rays also obeys Stokes’ Law. 

§ 4, The Transformation of Electronic Energy into Ught-quanta 

It is very significant, that the transformation of light- 
amanta mto^ kinetic energy of electrons is also, as it were 
x:©versible, that is, the opposite process also occurs in 
aatiire, by which ight-quanta result from the kinetic energy 

cuad IS afforded by the generation of Eontgen rays by the 
of quickly-moving electrons (cathode rays) on matter 
-f, say, the characteristic Z-series of a certain element is to 
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be generated by the impact of cathode rays upon an anti- 
cathode formed of the said element, then the kinetic energy 
E of an impinging electron must exceed a critical value EJr. 
For if we imagine E changed into a light- quantum T%ve, then 
ve must fall within the region of excitation of the Z'-series, and 
must thus be > being the frequency of the edge of the 

absorption band) . It follows that E ^ hv^{ = From this 
there follows an important relation between the frequency Vg- 
of the edge of the absorption band and the critical value Ek 
of the electronic energy, i.e. the smallest value of the energy 
at which the electron is just able to generate the required 
secondary radiation. This quantum-relation Ejc — hvj^ has 
proved quite correct according to measurements carried out 
by R. L. Webster and E. Wagner , and conversely presents, 
when Eg^ and vj^ are sufficiently accurately known, a method 
for the determination of h.^ 

Now, it is known that the cathode rays, on striking the 
anti-cathode, do not merely excite the characteristic Rontgen 
radiation, that is a line spectrum, but excite a continuous 
spectrum as well, the so-called “ impulse radiation ” [Brems- 
sPrahlung). If we therefore select any frequency v of this 
continuous spectrum, the ideas of the hypothesis of light- 
qipnta immediately suggest the conclusion that a definite 
mi n imum energy E^ of the impinging electrons is necessary 
to excite this frequency r, and that we must have E^,^ = hv. 
The investigations of Z). L. Webster, W, Duane and F. L. 
jBwtt®, A. W, Hull and M. Bice,^E. Wagner, F, DesscL'uer 
and E, Back^ have confirmed these formulae with the 
^eat^ accuracy, and thus form the foundation of one of 
^ most trustworthy methods for the precise measurement 
OT the magnitude fe. The following values were obtained : 

J 2 ^ {Duam-Hmit ) ; - 6*53 x 10-27 (Webster ) ; 

^“6*49 x_10-27 (Wagn&r). 

^ meet wiMi similar phenomena in the visible and 
neighteunng ^ons of the spectrum. Thus J. Franck 
* ® showed that the impact of electrons upon 

fiaoresoenee line of mercury of ware-length 
*. - 263M Cue. r, - 1-X83 . lOit). if the kinetie energy of the 
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electron exceeds a certain critical value Eq. In this con- 
nexion they found that the relation = Iivq was again 
fulfilled with great accuracy We shall return to these 
experiments and others connected with them later, since they 
play an important part in confirming the most recent model 
of the atom. 

§ 5. Other Applications of the Hypothesis of Light-quanta 

In a considerable number of other cases, which shall only 
be noticed shortly at this point, the hypothesis of light-quanta 
has proved of value, especially in the hands of J. and 

Einstein. Thus Stark w has made use of this hypothesis to 
interpret the fact that the canal-ray particles emit their 
“kinetic radiation” only when their speed exceeds a certain 
value. He has also propounded general laws for the position 
of band-spectra of chemical compounds by arguing on the basis 
of the hypothesis of light-quanta."^ Finally, Einstein and 
Stark ™ have considered photo-chemical reactions from the 
standpoint of the hypothesis of light-quanta and have enun- 
ciated a fundamental law, which has been verified, at least 
partially, by the detailed investigations of E. Warburg.’!^ 

§6. Planck’s Second Theory 

In spite of all the successes which the quantum hypothesis 
of light is able to show, we must not leave out of consideration 
that this radical view, at least in its existing form, is very 
difficult to bring into agreement with the classical undulatory 
theory. Since on the one hand the phenomena of interference 
and diffraction, in all their observed minutiae, are excellently 
described by the wave-theory, but offer almost insuperable 
difficulties to the quantum theory of light, it is easy to under- 
stand that few scientists could make up their minds to ap- 
prove of such a far-reaching change in the old and well-tested 
conception , of the propagation of light, a change that entailed 
perhaps its complete abandonment. This more cautious and 
conservative standpoint was taken up by M. Planck, who 
retains it to this day, inasmuch as he preferred to locate the 
quantum property in matter (the oscillators) — or at least to 
confine it to the process of interaction between matter and 
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radiation while endeavouring to retain the classical wave- 
theory for the propagation of radiation in space. None the 
less, serious hindrances had already intruded, themselves in 
the development of his first quantum hypothesis (quantum 
eniission and quantum absorption). For H". A. Lormtzi^ 
pointed out quite rightly that the conception, especially of 
quantum absorption, leads to peculiar difficulties. He showed 
that the time which an oscillator requires for the absorption 
of a quantum of energy turns out to belong to an improbable 
degree when the external field of radiation is sufficiently weak. 

possible to interrupt the radiation at 
will before the oscillator had absorbed a whole quantum. As 
a result of these objections Planch determined to modify the 
quantum hypothesis as follows.^s Absorption proceeds con- 
tinuously and according to the laws of classical electrodynamics : 
t le energy of the oscillators is therefore continuously variable and 
can assume any value between 0 andcc. On the other hand 
emission occurs in quanta, and the oscillator can emit only 
i^en Its energy amounts to just a whole multiple of e hv 
Whether it then emits or not is determined by a law of prob- 
ability. But if it does emit, then it loses its whole momentary 
energy, and therefore emits quanta. Beiioeen two emissions its 
energy-content groios by absorption continuously and in vro- 
joortion to the time. ■ 

According to this second theory of Planch, which is called 
the theory of quantum emission, the mean energy U of a 

linear oscillator is ~ greater than in the first theory. 70 While 

in the former case the mean energy of the oscillator at abso- 
lute zero was _equal to zero (see equation (9) from which, 
when T =^0, U = 0), in the case of this second theory it is 

equal to The oscillators retain therefore at the zero- 


point a zero-point energy o£ vaine as a mean, inasmuch 

assume, when 2>= 0,all possibie energies between 
0 and hr. NeTerlheiess, this theory aiso, when the relation 
modified, leads to Planck's Law of 

In the course of time Planch has made several further 
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matter being only the consequence of a deeper and mort 

?urso"f otThe I t “t d"’ 7“°’" ■^«g“'iea as the pre- 

rsor. of the latest development of the dootrine of ouanta 

of follows : Suppose the momentary state 

defin'^i oscillator, say a linearly vibrating electron, to bo 
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a e certain states qf the oscillator which are distinguished by 
a pecidiapty The totality of the phase-points that cor 
respond to these peculiar states form a family of discrete 
curves which surround one another. In the case of the 
^icinch oscillator these curves are concentric ellipses (see 
ig. 2) which divide the phase-plane into ring-like strips 
tii.e quantum theory now consists in thl 
that these ring strips all possess the same area h. If vre 
calculate on this basis the energy possessed by an oscillator 

mu^rinir^nfr® ^=hat it is a whole 

Trh?, 1 I .u (represented in the 

phase-plane by the points of the discrete ellipses) are, there- 


TumiiY m THE Of Atrim n 

fttri*. »0tw4jiig t« flwl tJiwry. iN o«iy «lyn*fi«*»Hy 

|wwtiiW»>i •iwi mI lh» c»iiili*lor. If p*«ill*ior 

or al»«rbs^. Hfi iMwip* frow mm i»liif»*e i« 

iitioth^r. Thtj «»f iiITajw if w» !i*tmk s 

fi^ooncl lht»ory. i« Itik. mli tmmUimm of lh« ■ 

hilor» tliiil h tilt on llw »r« dpmm^mllf 

On llif» tilhor hmal, ornktioii |il«4» onlf in 

thn «lliill«gui%hwl hy llw B<P«n Imtn 

lilik n«w of view, llm »rii?rgy»«|i»iil«. »r«. lli<f»r»lo». 
ft roHwlfc of iho of lh« |ili4i#*s*|»lAft», 

inftlitmlly* w« may o*pri«« tlik ** ilrweliirw of ibn *’ 

thtw ; th« will tsnrw m iwrfftot of aw- m . 


in Isini 


’■mn 


Ths cloulil® Inli^ml It token oviir tht tiirtooe, Ik* aingln 
intogml it tokuti Efonntl ihn liOMiwtory niirwj i>f ll»e wilt 
tillipt®. 

On Ihk tmAii tor »y«l«in» of oiwi dIt’griK? of liwMlafii, wliinl* 
ii mllal Pla.mk*M^ llitsory of "* Ihi? ,«!iion*«|n*.nlMf« im h hm^ 
Ihii tlimimakw« of an ttoiicin ^ -ih© mmlern ©*toti«ion ili» 
f|Uftnlt.tro Iheory tor ««¥oral of lr«mlon« liw* m* mu 

ihiUI •«», Iwwi 

Fwrihor. a lino of lirgiimfnsi |iroji««[’4 «i>4 l*y 

,"1. Smumm’/fiki IaIm ito ortnin Iwro, Storliiig Irom ihp l» 4 »l 
jtifl rotnlkifWMj, llnit «irni|.iinl k III© 

«loni of iiilicjn |firi«rg;y4lwiti|, N^mmm’Md .i»»l ts|.» Itw liy|«o> 
lhc*ls * li»a,t ter iivory jiiirfily rnolisowtot «y Its© 

©f an iitolron in llni |il»lii««4t.«lrio or lls© #i*»|s|4if»g p| 
an ©Iwtron liy Ihe i,riyeftll’«Mie in lb© gpn»rmlior» of ilfttii^ii 


»yi, llii fiiiisliif oilli*! rtnitow J (h - kftoww i*i t## 


ffoa HimMlrn't Pritieliilt, li*» llit tilii® Il»r» I# mmI I 


w Ibe liiitite ,i»<| potettlkl mmmgh^ of |.i» »toetr»ti 
liftlf, r it Ibt liiirslicifi ©f llw molwjislar my. lot 

lb« llifiij wliifiti ii r^|iilriid for ilie mtmm of ib» 
«I©§lr©n ftwii iliii fttoialii ill© 

©r lilt itoiiiiitig of itin Ilf ill# 



28 THE QUANTUM THEORY 

This formulation of the quantum hypothesis is, as it were, 
an expression of the well-known fact that large amounts of 
energy are absorbed, or given up in short times, whereas small 
amounts are absorbed or emitted in longer times by the 
molecules, so that on the whole the product of the energy 
transferred and the duration of the time of exchange is a 
constant. In fact, fast cathode rays, for example, are stopped 
by matter in a shorter time — and therefore generate harder 
Rontgen rays— than slow cathode rays. Sommerfeld has 
applied^ his theory successfully to the mechanism of the 
genwation of Rontgen rays and y-rays.90 SommerfM and 
P have worked out on the same basis a theory of 

the photo-electric effect, which, like the hypothesis of light- 
quanta, also leads to Einstein’s Law (29). 


H 
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Molecular Theoff of &IW 
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^om" heat oMhfbolylt ““o 

me body^t constant volume becomes : 
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oltely™ or lees 
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systematic differences eaveoZ^ 
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generally at low temperatures an^C^ value occurs quite 
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, S2. Einstein’s Theory „f Atomic Heats 
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given, it follows immediately that the mean energy U of the 
linearly vibrating atom must possess, not the value hT given 
by classical statistics, but the value given by the quantum 

theory, namely, U = — . For the atom which vibrates 

e^ - 1 

in space we get, therefore — by an obvious generalisation — in 
place of the classical value hhT, the quantum value : ■ ■ ■—— — . 

ei^ - 3 . 




^ 4 ^' df' 0.7' ds 


Fig. 8. 

The heat-content of the gramme-atom will therefore be 

^ BNhv 

” 5 .... (33) 

former ■“ 

0.=gy=3ii:._^, where » = ^ r ^ ( 34 ) 

AcmMng to this, the atomic heat of memtmio mm bodiea 
u not a, constant which is independent tempemtme, as 

Dfdong and Petit's Law requires, hm is>a fm&itim of. ^ and 
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§3- Methods of Determining the Frequency 
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the atomic heat of diamond at ^284® abs, ii ( 
413° abs. it is 3^64 and even at 1169“ a] 
the value 5’2i 

deg. 

^ Emally, particular importance afcfcaohos k 
discovered by E, Mad&lung iw and PF, Suih-m 
the frequency v of the atorni and thtj o- 
of bodies. ^ The two investigators etarted ir 
the following conception : Oryt ‘ 

(binary salts), such as rook- 
potassium bromide (KBr), and ^ 
cubical space-lattices, in which the 
charges, and therefore appear as ions. In » 
the space-lattice are occupied alternately bv 
charged ]Sra+ (or K+) atoms, and the negittiv 
(orBr ) atoms. If an eleotromagtmtio light- wi 
fa,lla upon this crystal, the two ions are thn 
oscillations relatively to one another, and fortl 
of “ resonance," the more strongly, the more . 
quency v of the impinging wave agreaa with t 
quency vr, which lies in th© infta-red, of the k 
mce the ionic vibrations are set up at th© ooi 

sorbed) the more during its passage throuirh 
nearer v lies to v^. On the other hand, the 
radiate back waves of freqoenoy v since they 
to eieoute these vibrations, when sot into for 
doing so the more strongly, the more prononno 

region of manmnm absorption and stronLst 

fleotion lie in the neighbourhood i« of „ 

mT “ reflection of a given subst 

worked oni " Beststrahlen " (r 

wotted out by S. Bubms and JS. F. mhoL 
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: frequency They are thus “residual.” The ultra-red fre- 

I d”enoy r, of the ions therefore agrees with the frequenov of 

the residual rays.™ On the other hand, this vibratL of the 

eharpd atoms is dependent on the elaslie properties of the 
I ^bstanee, as we recognised in considering the formula fS5) 

1 conclude that the “ elastic " frequency of the atoms 

of bmary salts agrees to a dose approximation with the 
optical frequency of their residual rays. But since the 
elastic frequency of the atoms determines the behaviour 

7«1 rmg is thereby closed, and W 

Nernstm was thus justified in propounding the fuidLentll 
law, tut m calmlating tU atcJic heat of bi^TZt^ 

In this way a number of independent ways were onened 
values of v deteLineT b7v of ao various 

§4- Nemst’s Heat Theorem 

for^tred ^ratSri"^ 7 

peratures W. Nernst ns hesa.n in 

his research students a series nf m co-operation with 

researches. For by’anentirpK and widely planned 

— mely by wa^o^ 
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Theorem of Heat 
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reaction from one state to anotW a77d V 
work which can be gained from this rlti«; 
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= 0 for the limit T 


that is to say, in the immediate neighbourhood of absolute zero, 
the maximum roorh luhich can he gained is independent of the 
temperatttre. But it follows immediately from this, if wo 
laws of thermodynamics, iis that for any 
reaction which changes the system from the initial condition 
with energy Uj to the final condition with energy U.^, tho 
relation holds that 

§ = ^ T =0 . . ( 30 ) 

d TT 

Now, since ^ , if we take a gramme-atom of the substanoo, 

gives the atomic heat, we are led to enunciate the following 
rule:^ in the immediate neighbourhood of absolute zero, the 
atomic heat of condensed systems remains unchanged during 
any transformation. 

Flaneh iw has given Nernsfs Theorem a still more general 
fom : Not only the difference of the atomic heats (before and 
after the reactim) is to assume the vahie 0 at absolute zero, but 
also each atomic heat itself is to do the same. Thus it follows 
_rom the extended Nernst Theorem, in agreement with the 
tfe^ds of quantum theory, that the atomic heats of 
solia bodies disappear at absolute zero. 

IS The Improvement on Einstein’s Theory of Atomic Heats 

^ experiments of Nernst and his collaborators nroved 
convincingly that the atomic heat of Zl solid bodies 
a zero yalue as the temperature falls la 
courses of these decreasing values showed 
notable agreement with Mnstein's formull r341 Z f 
temperatures, however At low 

in aU cases, in the sense that ^screoncies were found 

oS much more slowly than Eir^t ° f atomic heats fell 
^ m Nernst and N A demanded.«7 
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more 
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frequenoies^vj^ ^summation is carried over all 32^ n^tu 
to T we obtain the atomic heat ^ with respect . 

^2. (flx- ' i w where a;»- «» 

tr^^y ‘ m • ( 42 ) 

Th«l. Atomic Heats 

‘‘elastic spTcW-^ra^X^^^^^ calculating the 

or y body the position ofitsnaturl^^^ m determining 

he theory has been worked ^e^sef 

the one hand by R wL took ?n i 

as an approximation to the actual «+ continuum 

body, and on the other by M Tinvn ®'*°3“^cally constructed 
replaced the crystal of limited si^o who 

niansions. The difference betwel fK ^ di- 

approximation causes the main Zl^ methods of 

out of the elastic spectrum to be the working- 

the two oases. The M^Je theorv ^^^®^e^tly in 

leaves out of consideratii the LS, °^tset 

atomic structure of the body, Lts Zon^T' 
of elasticity, which, of course trlLr^l classical theory 
ocmtmua. Erom it follows thA r^ structureless 

those natural periods^th ^ f ^ ‘ “timber 

falls within the interval k I frequency of which 
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= . . ( 43 ) 

Here F is the volume of the body, oi and Ct are th« velooitioa 
with which longitudinal and transverse waves, reapeotively, 
are propagated within the body. In ciase, however, the 
following difficulty occurs in replacing the body, whioh in 
reality consists of N atoms, by a continuum, namely, the 
elastic snfip.i^vnrvi J.- i -iZ 4 -t-.tr 



iicciuencies becomes infinxiseiy grtmc. i?or ©xamplt, 
me number of natural frequencies (fundamental ton© and 
over-tones) of a linear string of length X/ are 

i ‘ ^ respectively (* * 1, S, . . , » ) 

according as to whether we are considering tmniverse or 
ongitudinal frequencies. The series of overtonoi therefore 
extends without limit to infinity. In reality, however, as the 

(mass-points), it may not posiass 
3-Y natural frequencies. In order to attain thii, 
ye helps himself out by means of the following bold 
tru^*^nTtr' calculating strictly the ©lastio specj. 

that consisting- of JY atoms, he replaces it by 

/7 A continuum as an approximation, bid bmah it otr 
natural period. AuTgl thf 

ti. 1 which occurs, that i», tho upper limit 

oi the elastic spectrum, from the coudition ; 
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a result which can easily be brought into the following more 
simple form : 124 


Gv = 




Xiftii 


j* xH^dx 

J(e*- If 


where Xm = 


hvn 


JcT 


T 


( 45 ) 


The atomic heat is therefore only a function of the magnitude 
Xm, that is, it depends only on the ratio ^ : here ^ 

•X ju HjJ. * 


This result may be expressed in Debye’s terms thus : reckon- 
ing the temperature T as a multiple of a temperature ® tohich 
is characteristic of the particular body, then the atomic heat is 
represented for all monatomic bodies by the same curve. Hence 
we must be able to bring the C® curves of all monatomic 
bodies into coincidence, if only the scale of temperature be 
suitably chosen for each substance. ^ 2 b Eor high tempera- 
tures, the Debye formula passes over, as it must do, into the 
classical value of Dulong and Petit, = 3 H,i 26 just as do 
the Dinstein and Nernst-Dindemann formulae. On the other 
hand, it differs from these latter in falling much more slowly 
at low temperatures. For while the atomic heats, according 
to both Einstein and Nernst-Lindemann, fall exponentially 

^wim ^ -e- y J at low temperatures, Debye’s formula leads 

to the fundamental law,i27 tjia^ atomic heats of all bodies at 
Low temperatures are proportional to the third power of the 
absolute temperature. 

It is further remarkable, that we may write formula (44) 
tor the maximum natural frequency in a form such that only 
measurable magnitudes occur in it. For if we express the two 
ve ocities of sound Ct and ci in terms of the elastic constants of 
e 0 y, and replace the volume V of the gramme-atom by 


the that... 




^ 5-28 . 107 . xj,(cr) 
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+ ir 1 + o- ■ 
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In it K is again the compressibility of the body, cr the 
Poisson ratio, that is, the ratio of the transverse contraction 
to the extension. The similarity of this’ formula with the 
Pjinstein relation (35) strikes one immediately. But in this 
case the second elastic constant of the isotropic body, or, 
enters into the equation as well. Altogether, the upper limit 
Vm of the elastic spectrum, at which, as one can show,^^® the 
natural frequencies always crowd together closely, plays in 
the stricter theory an analogous r61e to that played by the 
single natural frequency v in the “ monochromatic ” theory. 

Comparison with experiment shows that the Debye 
formula, at any rate for the monatomic elements such as 
aluminium, copper, silver, lead, mercury, zinc, diamond, de- 
scribes the course of values of the measured atomic heats 
very accurately. Particularly at low temperatures, the pro- 
portionality between the atomic heat and the third power of 
the absolute temperature receives fair confirmation In 
view of the fact that the idealised view (replacement of the 
actually atomic body by a continuum) is carried very far, we 
must not regard the agreement between theory and experi- 
ment as self-evident. At low temperatures, Debye's idealis- 
ation will justify itself. For then is large, and hence the 

amount of energy ^ — is small, excepting when v itself as- 

eCT - 1 

sumes small values. At low temperatures, therefore, only long 
loaves ivill contribute sensibly to the energy of a body, and hence 
to its atomic heat. For long waves, however, that is, for 
waves, the length of which is great compared with the dis- 
tance between the atoms, the specific atomistic construction of 
the body plays no part ; for them the substance is almost a 
continuum. ^ The position is quite different at high tempera- 
tures,^ at which the longer frequencies up to the maximum 
(that is, the shorter waves down to the smallest) furnish con- 
tributions of energy. For the waves which correspond to the 
highest frequencies possess lengths, as can easily be shown,!®^ 
which are comparable with the distances between the atoms, 
and for these shorter waves the medium cannot fail to betray 
its atomic structure. Here, therefore, its jreplacement by a 
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continuum becomes questionable since the approximation is 
only very rough. 

§ 7. The Lattice Theory of Atomic Heats according to Born and 
Kdrmdn. The Elastic Spectrum of the most general Crystal 

At this point the above-mentioned investigations of Born 
and Kdrmdn intervene, which, going beyond Delye, take 
account of the real crystalline structure of the body, that is 
to say, the space-lattice arrangement of the atoms. In order 
to overcome the great mathematical difficulties involved, they 
imagined, as has already been said, the actual limited crystal 
replaced by one extended indefinitely. Thus the disturbing 
effect of the surface on the interior could be eliminated, so 
that now all atoms were exposed to the same conditions. 
Here also the main problem is again to determine the elastic 
spectrum, or— if we dispense with the exact calculation of 
the proper frequencies— at least to discover the law, accord- 
ing to which the proper (or natural) frequencies are distributed 
among the different regions of frequency. This problem was 
first solved by Born and Kdrmdn for regular crystals. The 
laws thus obtained were then extended to the case of simple 
point-lattices of arbitrary symmetry, and finally, Born de- 
Jiced them, in his “Dynamics of the Crystal Lattice,” for 
the most general form of space-lattice.iss 
These rnost general space-lattices arise from the periodic 
repetition in space of a definite group of atoms and electrons 
(basic gronp) which on the whole is electrically neutral, and 
IS enclosad m a parallelepiped of space, the “elementary 
paralWopipod. In Kg. i such a lattice, in this case, how- 
ever plane, m illustrated, in which the basic group consists 
of three particles (-ox). All • particles form together a 
simple lattice, as do the 0 and x particles. We havfin this 
way three mterlocked simple lattices. 

(N^rLiPl of the alkalies 

(NaOl, Ml, KQ, KBr, KI, BbCl, EbBr, Bbl, and so forth) 

form cnbio space-lattices, in which the lattice points are 
Jtemately occupied by the positive alkafi ion and the negative 
Wogen ion (see Fig. 5). H we regard the whole ento hZ 
pictured as the “ elementary cube,” then the basic group would 



Fid, 4. 

the figure) as the elementary parallelepiped. Then the basic 
group consists only of the two different particles 1 and 8, of 
^hich the one lies in a corner, the other in the middle of the 
parallelepiped. In fact we can get the whole lattice by displac- 
xng the basic group in the direction of the three rhombohSiral 
edges, a distance equal, to a whole multiple of the length of 
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contain eight particles, namely, four ions of each sort (they are 
numbered here). We have thus eight interpenetrating simple 
lattices. Every four of them would, however, consist of the 
same kind of particle. Hence it is advisable to select in this 
case in place of the cube the rhombohedron (double-lined in 
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the edge. The lattice consists therefore, according to this 
m interlaced simple cubical atomic lattices. ^Further- 

mo e, they are surface-centred" lattices, that is to sare^h 

P of the cube-surfaces, are occupied. If in the most 
general case the basic group contains s different particles the 

lattice consists of s interlaced simple lattices. 



O- 

• - 


./Va* 

C/' 


Pig. 6. 

In order now to get a general view of the laws which 
govern the elastic spectrum of such a most general crystal 
we proceed according to B(yrn and Kdrmdn as follows. We 
imagine an elastic wave of definite wave-length and definite 
direction (the normal to the wave front) passing thimgh the 
crystal. For each wave thus defined there are 3s natural 
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frequencies with periodicities . . . v^g. The first three 

frequencies v,, Vg correspond to those natural frequencies 
of the crystal, by which the single interpenetrating simple 
lattices are similarly distorted to a first approximation with- 
out being compelled to move relatively to one another. 
These are the three ordinary acoustic natural periods (one 
longitudinal, two transverse). The remaining 8(5 - 1) 
frequencies, on the other hand, correspond to another type 
of motion of the crystal, namely, to those natural frequencies 
with which the single simple lattices oscillate with respect to 
one another without distortion. If the basic group contains 
only one particle (s = 1), i.e. if the crystal consists of only a 
sinaple lattice, this second type of motion disappears alto- 
gether, and we are left with only the three acoustic natural 
frequencies v^, vg, Vg. If, on the other hand, we are dealing 
with a crystal, say of the halogen compounds of an alkali, 
for example, rock-salt (NaCl), s = 2, there exist, as we have 
seen, besides the three acoustic oscillations, three further 
natural frequencies of the second type. In consequence 
of the regular crystal character of the alkaline halides, these 
three natural frequencies exactly coincide, at any rate for 
long waves, and give rise to that motion in which the sodium 
lattice vibrates approximately as a rigid structure against the 
likewise rigid chlorine lattice. We see at once that it is 
just the natural frequency last considered that will play the 
chief part in the optics of these crystals. For when an 
electronaagnetic wave meets the crystal, the sodium ions 
are driven by the electric force of the wave to the one sidey 
and the oppositely-charged chlorine atoms are drawn to the 
opposite side. It is thus just the type of vibration described 
above that is brought about. If the frequency of the 
external wave approaches closely to that of the natural 
period, resonance occurs. These infra-red vibrations, there- 
fore, are what determine the course of the refractive index, 
especially in the infra-red. They are the so-called “infra- 
red dispersion frequencies.” It is also in their neighbourhood 
that the places of metallic reflection lie which are detected 
by the method of residual-rays. 

been stated for the special case s = 2 
(aakaline halides) may, of course, be immediately generalised. 
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For if the basic groups consists of s different particles, it 
is just the 3(5 — 1) natural frequencies that determine the 
dispersion of the crystal. Among them are those, in the 
neighbourhood of which the regions of metallic reflection 
(residual rays) lie. If the basic group contains p positive 
atomic residues and s — p electrons, the frequencies 
fall correspondingly into two classes : the first class consists 
of S(p - 1) infra-red frequencies, which arise from the 
atomic residues j the second consists of 3(s — p) ultra-violet 
frequencies, which are to be ascribed to the influence of the 
electrons. The infra-red natural frequencies decide the 
course of the refractive index in the infra-red, the position 
of the residual rays, and, as we shall see, the atomic heats ; 
the ultra-violet natural frequencies, on the other hand, deter- 
niine chiefly the refractive indices in the visible and ultra- 
violet. Incidentally, the general lattice-theory of Born^^ 

confirms the law previously enunciated by Sh&cr ISB that the 

frequencies of the first class (infra-red) bear the same :^atio to 
the second (ultra-violet) class, as regards order of magnitude, 
as the square root of the mass of the electron bears to the 
square root of the mass of the atom. 

After this digression let ns now return to our starting-point. 
Up to the present we have always considered a wave of 
definite length A and with a definite normal direction n, and 
we have seen that corresponding to it there are, in the most 
general case, 3s natural frequencies . . . vg,. Let us now 
allow the wave-length A to vary continuously, keeping the 
wave-direction constant, by going from infinitely long waves 
o e smallest. Then each of the 3s natural frequencies will 
also vary continuously, and will pass through a^ continuous 
range of values. In other words, the 3s natural frequencies 
are certain functions of the wave-length A : ^ 

these ranges of values of the single natural frequencies are 
only fimte m extent and that, therefore, each of tU^s continua 

jreqmmy Automatically,” i.e, without our arbitrarv assist 
anca (as m Deiy,. case), solely oo account .of 
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form of the function fi. This is explained by the fact that 
the wave-length X of possible waves in the crystal has a 
lower limit set to it : waves of length below a certain lowest 
value cannot exist. This is most simply recognised from the 
following instructive example. If we consider a simple 
cubical lattice having the atomic distance a, and examine, 
tor example, longitudinal waves, which are being propagated 
along an edge of the cube— so that all atoms on an edge at 
right angles to this side oscillate in the same phase in the 
direction of the edge— then we see at once that the smallest 
wave that is possible here has the length X^i„ = For 
this wave, namely, successive planes of the cube swing 
m opposite pha,se, that is, “against” one another. The 
form*- relation between v and X assumes the special 


sin 


"(t) 


’““8 0 ; « we pass on 

to shorter waves, v increases continuously, until, for X = 2a 

It reaches its maximum value At this limiting frequency 
the range of possible r’s breaks off automatically. 

Up to the present we have given the wave-direction in, the 

allowed the wave-length X to vary. We now give the wave- 
direction by degrees other values, and at each step we allow 
the wave-length to vary from the value oo to the least 
possible value. Then the nature of the functional dependence 
of the magnitude vi or X, and the position of the limiting 
^ continuously with the wave-direction 

so that we may say; the 3s natural frequencies are, in 
general, continuous functions of the wave-length X and of 
the wave-direction w : 8 ^ ana oi 

n =/i(A, w), {i = 2, 3, . . . 3s) , (48) 

In it, each of the functional breaks off automatically for a 
minimum value of the wave-length at an uppeJ limit 

wave-direction 

These equations express the law of dis:persion of waves in 
crystals, for they determine for each wave the 3s frequencies 




Vi and hence also tell us how the rates of propagation 
< 7 / = • A depend on the wave-length and the wave-direction. 

The dispersion law becomes particularly simple in the region 
of long waves : for the three acoustic vibrations the re- 
lations 137 


_ 


_ e'sN 


hold. In them the three magnitudes g^(n), and gs(n) 

are three, in general different, functions of the wave- 
direction.^ And further, these are the three velocities of 
propagation of the three acoustic vibrations. In the region 
of long waves, therefore, the three velocities of propagation 
of the three slow acoustic vibrations are independent of the 
wave-length to a first approximation. 

waves) assumes a very 
different appearance for the 3(s - 1) rapid vibrations 
’^5 • • ^ 3 *' assumes the form 


Vi = yO 


here the i//s are constants, the pi( 7 ^)’s are again certain 
functions of the wave-direction. The velocities of propaga- 
tion here assume the values r i S 
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-J,-- — - -V -r . ^01) 

and would thus be linear functions of the wave-length. 

e may summarise thus : the elastic spectrum of the most 
crystal, the basic group of tohich contains s particles 
(^ststsofSs separate parts (“ branches ”). Bach part coLists 
f a finitely extended continuum of freguencies. The three first 
pa^ts contain the totality of all slol, acoustic naiurat^t 
gueru^ie, {sometimes called ‘‘characteristic ”). The rlmL^L 
(s 1 ) parts include the rapid {infra-red and niltvn i f\ 
natural frequencies, which play the chiefZnrTZ 
the optical dispersion and thepluions of ZaZ 

Teflection. 
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the less insuffioient for the question of the energy-content and 
molecular heat of the crystal, inasmuch as, even for the 
simplest crystal, a strict calculation of the elastic spectrum 
is not possible at the present time. We know, however on 
the other hand, that wo need not know the whole details of 
the elastic spectrum to calculate the energy-content and the 
molecular heat, but that it suflloes to know the law according 
to which the natural froquonoioH are distributed over the 
elastic spectrum (or its individual " branches "). This is 
the moio tiue, the closer together the natural froquencies 
lie, Now, in reality the finite crystal possesses, if it oon- 
group (of 8 particles) N timoa repeated, 
6Ns natural frequencies, whioh are distributed so that N fre-> 
quenoies fall to each of the brancitss of the spectrum. If N 
becomes infinite, the N individual natural frequencies of each 
branch merge into one another to form a continuum, and we 
get exactly the elastic spectrum that we have just been con- 
sidering. We see from this, that the more we are justified 
in replacing the finite crystal by one of infinite extent the 
better our results if we know only the distribution law of the 
natural frequencies (without knowing their position exaotlvl 
The law of distribution of the natural frequoLies wlfich 
was discovered by Jinm and Kdrmdn Mid extended by Born 
in his ‘ Dynauiios of the Clrystal I jattioo" to the most general 
type of crystal, may be formulated thus: Meet from the 
lotahty of all elastic waves the small ynmp, tohose lengths lie 
between X and X -i* dX, and whose mirmal direction lies in the 
elementary solid angle m dil. Each of the 8§ branches of the 

spectrum then contribute ^ dXdQ natural frequencies to this 

group. Here^F denotes the volume of the finite crystal. 

§ 9* Contlttuation, The Atomic Heate at LoW| very Low and 
High Temperatures ’ 

The knowledge of this law of distribution allows us to 

Of the crystal con- 




This formula is to be interpreted as follows ; the natural fre- 
quencies Vi are, by (48), to be expressed as funotions of the 
wave-length X and the wave-direotion n i then the integra- 
tion is to be performed with respect to X from the smallest 
wave-length A,„(w), which itself depends upon the wave- 
direotion n, up to the maximum A oo . The result of this 
integration still depends on the wave-direction and the index 
i. Finally, integration is to be performed over all directions 
(that is, over all elementary solid angles between 0 and ^tt) 
and summation over all Ba branohes of the spectrum. But 
we have seen that the 8s branches of the spectrum fall into 
two groups. The first 3 branches {i « 1, 2, 3} contain the 
totality of slow acoustic natural frequencies; for these 
branohes we have the dispersion law (49) which is valid for 
long waves. The remaining 3(s - 1) branohes contain the 
totality of the quick (infra-red and ultra-violet) natural fre- 
quencies,^ with the entirely different type of dispersion law 
(oO), which also holds for long waves, Hence the sug- 
ar ® 

gestion naturally occurs of dividing the sum of (52) into 

two parts, corresponding to the two different groups of fre- 
quencies and of writing ^ r 

Tb + r? 1 

where 

These still very complicated formul® may, according to 
mrn, be brought into a very simple and Qomprehensive form 
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by limiting our considerations to low temperatures and in- 
troducing certain approximations. As we have already re- 
cognised, at low temperatures only the long waves contribute 
to the energy-content. Hence we shall apply in formula (53) 
all those approximations which are introduced by confining 
ourselves to long waves. Let us consider first Here we 
set in place of the v/a of (50) the constant values r'l, which 
are independent of the wave-length A and of the wave- 
direction. If we do this, we can place the constant factors 


• in front of both integration signs, and write 


Vm=-kS 

• Z A* ■ - jjf 

[_ 0 Am(n) 

brackets has, however, a simple meaning, 
of distribution of the natural periods we boo, 
namely, that this factor gives the sum-total of all natural 

s 3 rnr'-Ai?^ 8 / branches of the 

C therefore has the value N, which as has already 

UD the number of basic groups which go to make 

up the ciystab If we choose the piece of crystal under oon- 
sideration such that its size is so that N is equal to the 

number, then if wo remember that Nk ^ M for 
rw, the expression 

J- hijO 

where , (54) 

follows. ^ If we compare this result with (84) we see that m 
excepting for the missing factor 8— consists of 8 (s - /) 
Einstein functions. We write the expression in the form 

8s 

r:»-~^E(Xi), where iCi Bsi . ( 55 ) 

in which the abbreviation is obvious. The fact that, in using 
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these approximations, we come across Einstein factors i.e. 
that we encounter the monochromatic ” theory, might have 
been anticipated. For since we treated the v/s here as con- 
stants^ that are quite independent of wave-length and wave- 
direction, these vibrations represent processes which have 
no hing to do with the propagation of elastic waves in the 
crystal as a whole: and this means that the individual 
particles, uncoupled as it were, perform 3(s - 1) mono- 
chromatic vibrations. ^ 

The approximate evaluation of the first part Td) is n-nite 
different. For here we have to use for the frequeLes 
Vy V^, V3, the relations (49), which connect the three acoustic 
frequencies with wave-length and wave-direction. 
Here we have therefore to deal with three real elastic oscilla- 
tions, which are propagated in the crystal with the three 
ifferent acoustic velocities q.^{n), q.^{n), q^{n), each of which 
depends on the direction («). The crystal acts here as a 
ynamic whole, exactly as in Dehye’s point of view Hence 
we may conjecture that pd) allows itself to be' brought 
into the form of three Debye functions (45). The more 
exact calculation confirms this supposition, and gives us no 


3 _ 

i=l 0 


which, taking DOnje's formula (46) into consideration we 
may write in the following immediately intelligible form : 


6 


The three magnitudes here play the part of three upper 
limits of frequency. Their values are 


= % 7 ' 


magnitudes qt represent certain mean direc. 
tions of the acoustic velocities, which therefore no longei 
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depend on the wave-direction. From (55) and (57) we get for 
the thermal capacity of the piece of crystal considered 

= I l^D (^•) + J.E(;ri)l . . (59) 


Now, since N particles of each of the s different kinds of 
particles are present, that is one gramme-atom of each kind 
of particle exactly-for N is the Avogadro number— the piece 
of crystal contains s gramme-atoms of different sorts of 
particles. If, therefore, we cut the crystal into s equal 

pieces in such a manner, that each piece comprises only — 

basic groups, then each of these pieces contains a so-called 
mean gramme-atom. Hence if we now consider only a 

single one of these pieces, its thermal capacity is 5?; we call 

it the mean atomic heat ” Cy, and we may write 


o as 


Here the ix/a have the same meaning as in (58). For the 

piece of crystal now under consideration consists of - basic 

s 

groups, and has therefore the volume — . Formula (58), 

however, obviously remains unchanged when we replace in 

it N and V i>y ~ and E. The quantity the volume of a 
« « s 

mean gramme-atom, is also called the mean atomic volume. 

In the case of chemical compounds, in which several sorts 
of atoms occur in the basic group, and also in the case of 
polyatomic elemen ts, in which the basic group contains several 
particles of a like sort, we frequently speak of the molecular 
heat. In doing so, we follow the usual chemical conception 
inasmuch as we imagine the s particles of the basic group 
divided into one or several sub-groups, and regard each sub- 
group, taken alone, as a molecule. If then the molecule 
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contains q atoms, then qG^ is the mean molecular heat ; for 
example, the basic group of rock-salt (NaCl) contains one 
sodium ion and one chlorine ion. The whole piece of crystal, 

which, by definition, contains ^ ^ basic groups, comprises 

therefore ^ sodium ions and the same number of chlorine 
ions, that is to say — “ NaOl-molecules.” q is in this special 


case equal to 2. Hence. 20„ represents the thermal capacity 
oi N “ NaCl-molecules,’’ that is, the mean molecular heat of 
rock-salt. 

If among the s particles of the basic group there are p 
atomic residues and s - p electrons, the number of Binstein 
factors in (59) reduces to 3(p - 1), since the 3(s - p) ultra- 
violet frequencies arising from the s - p electrons contribute 
only in a vanishingly small degree to the atomic heat as com- 
pared. with the infra-red. We thus arrive at the law: the 
mean molecular heat of a crystal whose basic group includes p 
{similar or different) atomic residues, is made up, at a suf- 
ficiently low temperature, of three Debye terms {with, in general, 
three different upper limits of frequency) and 3(p - 1) Einstein 
terms {in which the 3(p-l) infra-red natural frequencies for 
long waves appear as frequency numbers). 

When we descend to the lowest temperatures, the JEinstein 
terms disappear exponentially, and only the three Debye terms 
remain, for these, as we know, decrease much more slowly. 
In them we can further replace all the upper limits of the 
three integrals (see (56)) by co , so that the integrals thereby 
become numerical constants. Remembering (58) we get the 
fundamental law, that the molecular heat of every crystal at 
the lowest temperatures is proportional to the third power of 
the absolute temperature. So the general lattice theory con- 
firms Debye's result. The formula obtained has the following 
simple form : 

. , . (ei) 

where Va is the “ mean atomic volume ” 

/_ mean atomic weight y 
\ mean density / 
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and q represents a quantity which, if suitably defined, may be 
called the mean acoustic velocity, introduced in place of the 
three different acoustic velocities g^. 

Also in the other extreme case, for high temperatures, a 
very useful formula can be obtained, as II. TMrring^*^ 
showed. He started from (52) and developed the exponential 
functions in series. The following value is then obtained for 
the mean atomic heat : 


r - . JjLflLX 

G, _ + m\kT) “ 
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where the coefficients Ij,, J 3 , . . . depend in a complicated 
manner on the elastic constants of the crystals, the atomic 
masses, and the atomic distances. 


§ 10. Tests of the Born-KarmiCn Theory 

How do matters stand with regard to the testing of the 
Born-Kdrmdn Theory? We see at once that it is incom- 
parably more difficult than in the case of Debye’s Theory : for 
even in simple oases, the calculation of the moan atomic 
heat of a crystal is very complicated, and requires above all 
a more exact knowledge of its elastic behaviour than wo at 
present possess. Only by restricting our attention to low 
and very low temperatures on the one hand, where the 
formulas (60) and (61) may be applied, and, on the other, 
to the region of high temperatures, within the limits of 
applicability of Thirrmg’s formula (62), are we enabled to 
carry our calculations for a number of simple substances to 
the point of comparison with experimental results. Born 
and Kdrmdn themselves, in one of their first publications na 
tested the formula (61), valid for the lowest temperatures 
{Debye's T^^-law), by comparing its results with those of 
experiment. They limited themselves in this case to metals 
(Al, Ou, Ag, Pb) which, however— at any rate in the usual 
form— are not proper crystals, but irregular crystalline 
aggregates. For this reason, they proceeded as if the metal 
were ^ an isotropic body, and obtained the mean acoustic 
velocity— the only quantity in (61) which in general requires 



g3-^3 + g. . . . (63) 

Here and are the velocities of propagation of the 
longitudinal and transverse elastic waves, magnitudes, there- 
fore which may be simply calculated from the two elastic 
constants of the isotropic body and its density.ws The 
agreernent of the values of thus found with the experi- 
mental data IS, especially in the case of A1 and Cu (and also Pbl 
qm e good. A. BucJcem^ has, however, pointed out rightly 
that no weight should be attached to this agreement. For 
the values of the elastic constants which Born and Xdrmdn 
used for calculating q, and q, are those which are correct at 
the ordinary room temperature. If we take their dependence 
on temperature into account, the good agreement between 
theory and experiment disappears. Metals are, indeed, not 
isotropic bodies, and hence it is not permissible to use the 
in TallSing^ constants, which depend upon temperature. 

Matters are much more favourable in the case of real 
crystals, m which, as experiments by H. Madelungtn show 
the elastic constants vary very little with temperature. But 
here the calculation of the mean acoustic velocity q gives rise 
m general to notable difficulties,!® ^hich may! howeveT 

dL to if S “ f r ""f ^ practical method 

tZ out the calculations for 

rPesf flnor-spar (OaPg) and pyrites 

( eSg). They preceded to calculate the quantity q from the 

observed values of assuming the correctness of formula 

(61), and they then compared these with the value of q 

calculated from elastic data. The result showed very satisfac^ 
tory agreement. ISO sawsiac- 

Pa^iicular interest to test the very clear formula 
(60) which pves the mean atomic heat as a sum of three 
Debye^ functions and B(s - 1) Binstein functions. Here the 
three infra-red natural frecjuencies vj, vj, yO coincide, and the 
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extensive calculation— from the following relation which 
holds for isotropic bodies : m 
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three Einstein functions become equal to one another. If we 
introduce the further approximation of replacing the three 
different quantities Xi in the Debye formula by a mean value 
X, it follows that 

Cv = ^{D{x) + Eix)} . . . (64) 

In this we use the value of x deduced from formula (68) 
by merely replacing in it by a mean value q, which can be 
calculated by the method of Hopf and Lechner just mentioned. 

X, on the other hand, according to (54), = , where v® is the 

infra-red natural frequency of the crystal (for long waves), 
which may be determined from the dispersion in the infra- 
red or by the method of residual rays. 

Formula (64) had already been given, previously to Born, 
by W. Nernst}^^ who, however, based his argument on a 
supposition which is no longer tenable. Nernst started 
from the conception that, for example, in the case of rock- 
salt, the NaCl-molecules are located upon the points of the 
space-lattice, and that the most general state of oscillation 
of the lattice arises from the superposition of two modes of 
motion, firstly the oscillation of the whole molecules in the 
lattice-structure, which give a Debye term, and secondly the 
intra-molecular oscillations of the two atoms, which, being 
almost monochromatic, lead to an Einstein term. The 
agreement of the Born-Nernst formula (64) with the ex- 
perimental data is not very satisfactory in the case of NaOl 
and KCl, but much better in the case of AgGl, which belongs 
to the same crystal type.isa The reason for this is believed 
^y E. Schrodinger^^^ to lie in the excessively rough ap- 
;^'oximation inherent in formula (64). 

VFinally, Thirring's formula (62) has also been tested, by 
TUkring himself, for NaCl, KOI, and, by neglecting certain 
factors, for GaFg and FeSg. Taking into account the variation 
constants with temperature (which, however, is 
^J^efoe regarded as uncertain and provisional since the values 
are only obtained by interpolation) he found good agreement 
Jffitween* theory and experiment. In connection with the 
formula, Born^^^ has also calculated the atomic 
heat of diamond and compared it with experiment. Since in 
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this case, however, the elastic constants were unknown. Born 
proceeded to evaluate the curves of atomic heat for various 
possible values, and to select from them that curve which 
conformed most closely to the results of observations. Thus, 

for example, the value 0*63 x was obtained ioi 

he compressibility ; this is in satisfactory agreement with the 
value, probably too small, measured by W. Bichards, viz 

0-5 X 10-4^1 
LdyneJ 

From all this we see that the possibilities of testing the 
Born.Edrmdn Theory of Atomic Heats, partly on account of 
the great difficulties of calculation, partly on account of our 
insufficient knowledge of the elastic behaviour of crystals, are 
exceedingly sparse,^ so that for the present Debye’s much more 
tractable formula (if necessary, with the addition of Einstein 
terms) appears more useful. If, in spite of this fact, so much 
space has been devoted here to the Born-Kdrmdn Theory the 
reason is to be sought in the conviction that this theory has 
gone much further than that of Debye into the kernel of the 
matter. For, without a more exact treatment of the structure 
of the space-lattice and its dynamics, our knowledge of the 
nature of the solid state must without doubt remain faulty. 

§ II. The Equation of State of a Solid Body 
Linking up with this new development of the theory 
M atomic heats, a number of investigators, chiefly E 
Unmmew,i86 s. BatnowsU^'^^’i and B. Debye , have worked 
out a theory of the solid state with the object of creating as 
a counterpart to the Kinetic Theory of Gases a Kinetic 
Theory of Solids. One of - the main problems in this con- 
nexion 18 to formulate an “Equation of State,” that is a 
rdation between pressure (p), volume (F), and temperature 
{1), a problem, which, according to the doctrine of thermo- 
dynamics, is to be regarded as solved as soon as the “free 
energy F of the body is known as a function of the t'empera- 
ture and the yolume.«9 Then the pressure, for example, will 
lollow from the simple equation 

■ ■ • • m 
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which, as a relation between p, V, and T, gives the equation 
of state at once. If this is known, we have mastered quanti- 
tatively the behaviour of the body for all changes of state. 
For example, the coefficients of expansion a, and the com- 
pressibility K, result from the well-known formulae 


^ _ 1/IV\ 


( 66 ) 


(Fq is the volume at the zero-point.) 


P. Debye 16° was the first to draw attention to the fact that 
the model of the solid body which forms the basis of the 
atomic heat theories of Einstein, Debye, and Born-Kdrmdn, 
is necessarily too highly idealised; for this idealised solid 
body has, as is easily seen, a zero coefficient of expansion. In 
fact, if, as has always been assumed hitherto, the forces 
which pull the atoms back into their position of equilibrium 
are proportional to the first power of their relative displace- 
ments (assumption of quasi-elasticity, Hooke's Law), then 
the atoms will execute symmetrical oscillations about this 
position of rest. If this supposition, viz. Hooke’s Law, be 
valid for all temperatures, then the mean volume of the 
body — that is, the volume that it possesses when all atoms are 
exactly in their positions of rest — must be just as often over- 
shot as undershot, however great the amplitude of the heat- 
vibrations may be. Hence, if we warm the body from zero 
until it possesses the volume Fo, and if we assume that all 
atoms are at rest at zero, then its mean volume at any tem- 
perature will also be equal to Fq. The body, therefore, does 
not change its mean, observable volume with rise of tempera- 
ture ; its coefficient of expansion is therefore 0. If we desire to 
represent the actual behaviour of the solid body, namely, its 
expansion when heated, as known to us from thousandfold ex- 
perience, we are necessarily obliged, according to Debye, to re- 
place FZboA:e’s Law of Force by an expression involving higher 
powers of the variation of atomic distance. Then the oscilla- 
tions of the atoms become unsymmetrical, and there occurs a 


displacement of their position of rest as the energy of vibration 
increases. If we arrange the generalisation of Hooke’s Law 
so that a greater force is necessary to bring the atoms nearer 
together than to separate them, then the change in the 
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position of rest occurs in such a manner that for increasing 

TF is, for rise of temperatof hf 

relative distanoes of the atoms increase, and hence the bodv 
increases in volume. Dehye has extended the theory in S 
sense. Among other things this gives ns the law previMslv de 

“iLeSriT “ ‘4erat«res tt; 

W M “ fu “ proportional to the specific 

heat. Moreover, the very small change in comnressSv 
with temperature is well accounted for on Debye’s Theory. ^ 

§ m. The Thermal Condncavity of Solid Bodies according to Debye 

The importance of Debye’s Theory is by no means confined 

that ™ril 0“ *1“® contrary, it became manifest 

that another important group of phenomena require thL 

iWUcr /r Realised solid body, 

m which the elastic forces obey Hooke’s Law, the elastic 

become superposed without disturbance, and will 
WA • ^ without becoming weakened If 

we imagine the idealised body as a horizontal, infinitely 
extended plate of finite thickness, and if we transmit I 
powerful motion (high temperature) to the upper layer of 
atoms, while we keep the lower layer at restTe. at zero 

will pass continually from aboye to below. An ener^v 

in the body, smce, on account of the undamped character 

saiS,® "'Sc ® ■“ «™rywhere the 

same. Since in general, the conductivity for heat is eoual 

to the flux of heat divided by the gradient of te^eXf 

It follows t^t the tdealised solid body possesses an infinite 

it The case becomes different, however 

if we extend Rooke s Law in the manner described, and thus 
pass over to the “ real ” soUd body. The waves in the body 
will then, on- account of the departure of the equations of 

disturbed. On the contrary, an oscillation already nresent 

iT disr7fr''“7°*.“‘®®"‘=‘’'^“°“ “ densiy caused br 

superimposed upon it with the 
effect that a scattering, and therefore a weakening of the 
waves in the body results, in precisely the same way as a 
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‘‘ cloudy” medium scatters and weakens light passing through 
it. ^ Hence, in the ease taken, a temperature gradient is set 
up in the plate from- the top to the bottom. In the case of 
the real body we thus arrive at a finite thermal conductivity. 
The mathematical development of this conception led Dehye to 
the law 162 that the thermal conductivity of crystals is inversely 
proportional to the absolute temperature (if we confine ourselves 
to temperatures which are so high that classical statistics are 
applicable). This deduction seems to be in excellent agree- 
ment with experimental results obtained by A. Eiiolten.^^^ 

§ 13. The Electron Theory of Metals and its Modification by the 
Quantum Theory 

If matters are already complicated in the intrinsically 
cl^r case of crystals, the position becomes still more 
difficult when we turn to metals which, in general, con- 
sist of an irregular conglomerate of crystallites. In this 
case^ the conductivities, namely, of heat and electricity, are 
particul-arly deceptive. According to the classical theories of 
P. Drudef^ E. BieoJcef^a and H. A. Lorentz^fifi these pheno- 
mena are brought about by the free conductivity-electrons, 
which, like gas-molecules, fly about in the space between the 
fixed atomic residues, exchange energy with these upon 
collision, and so take part in the establishment of thermal 
equilibrium, ^ Thus the conduction of electricity is explained 
as follows : in a piece of metal of uniform temperature, an 
equal number of electrons fly, on the average, in each 
direction through an element of surface. Hence, on the 
average, there is no transport of electrical charges through 
this elernent of surface, that is, no electric current is flowing 
m the piece of metal. If now we apply a potential difference 
to the ends of the metal, an electric field exists in the metal, 
and this field impresses upon the electrons during their “ free 
paths (i.e. their paths between two encounters with atoms) 
a certain one-sided additional velocity which is super- 
imposed upon the irregular heat-motion. Now, therefore, 
more electrons will pass per second through the element of 
surface in one direction than in the other, and since the 
electrons carry a negative charge, and so move against the 
field, i.e. in a direction opposite to the field, we have now an 
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ekctr'ic current in the metal. The mathematical calculation 
o IS simple conception gives for the electrical conductivity 
o- of the metal le? 

^ 2mq ■ * • • 

Here N is the number of electrons per unit of volume, e and 
m chaige and mass of the electrons, q their average velocity, 

and I their free path. If we write the expression fe?) in the 
form ' 

^ 4 • • • • (67a) 

we may, according to the assumptions of the classical theory, 
repHce the mean kinetic energy \mq^ of the electrons by UT. 

assumed, the electrons take part in 
es a IS ing heat-equilibruim, the law of equipartition of 
me iG eneigy applies to their motion, and there is thus 
a oca e to each of the three degrees of freedom of the 
electrons the energy \kT. In this way we arrive at the 
formula 

Ne^Zn 

---wr ' • • • ( 67 &) 

Analogously we^ get from Brude'e Theory the coefficient of 
thermal conductivity i68 

7 = iN7cZg' . . . . (-08) 

so that a combination of the two formulae leads to the 
fundamental relation 

^ = ' • ■ • ( 69 ) 

which is the law of Wiedemann-Franz and of LorenzM 9 it 
states that the ratio of the thermal to the electrical conductivity 

Thus all appeared in the best of order. The classical 
heory appeared here also to have worked successfully Td 
the law of equipartition celebrated a triumph. But uuon 
closer inspection gaps appeared in the apparently sdid 
theoietical structure, and senous douhts arose. Bor if the 
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free electrons really took part in the thermal eqiulibritim, 
and hence claimed their full share, (per unit of 

volume), in the equal division of kinetic energy, then this 
share of energy should be plainly noticeable in the atomic 
heat of the body, namely, to the extent of where N* 

denotes the number of electrons in a gramme-atom. Such 
an increase in the atomic heat of the metals as compared 
with the non-metals (which contain no, or vanishingly few, 
free electrons) has never been observed. This diflioulty could 
be avoided by assuming that the number of electrons is small 
compared with the number of atoms per unit volume, and 
then their contribution to the atomic heat would be relatively 
small. But then wo should expect from (676) much smaller 
conductivities than experiment has disclosed, unless we were 
to assume high values, that are improbable, for the mean free 
path. 170 

Further, H, A. LoTBntz'i-i^ has shown, as we have seen, 
that, if the law of equipartition for the motion of the electrons 
is assumed, the metals would radiate in the region of long 
waves according to Bayleigh's Law, whereas we have un- 
questionably to expect, especially at low temperatures, the 
radiation to take place according to IHamWB Law. 

The calculated dependence of the conductivity on tempera- 
ture can only be made to agree with experience by making 
particular assumptions at high tempemturcs, whereas no 
assumptions seem to be able to make calculation and obser- 
vation agree for low temperatures. At high temperatures 
the resistance of the metals inoreases proportionally to 

the temperature, that is, <T^ decreases with This oan 

only be reconciled with (076), if the product niq is inde- 
pendent of the temperature, If we assume with J, J, 
Thomson that N increases proportionately to s/T, then, 
since q is likewise proportional to s/T, I must decrease with 
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as the vulnerable point of the theory. For experiments by 
H. Kamerlingh-Onnes I’S in the laboratory for low tempera- 
tures at Leyden had shown that the resistance of metals 
at very low temperatures (the experiments extended as far 
down as 1‘6° abs.)' falls away to a quite extraordinary degree, 
and practically disappears before the zero-point is reached. 
At any rate, the resistance cannot, as follows in view of what 
has just been said from formula (67&), sink proportionately 
to only the first power of the temperature ; on the contrary 
the fall is without doubt proportional to a higher power. 
That the Wiedemann- Franz Law also ceases to be valid in 
this region, has been proved by experiments of C. II. Lees 
and W. Meissner. 

In order to escape from all these difficulties the quantum 
theory was appealed to, and attempts were made, in the most 
varied ways, to make it harmonise with the existing theory. 
A first attack was ventured by W. Nernst 1^6 and Kamerlingh- 
Onnes,'^'^'^ who gave for the resistance of the metals empirical 
formulae which linked up directly with the form of Planck's 
energy equation (9) and which gave the change in the resist- 
ance with temperature satisfactorily. F. A. Lindemann'^’f^ 
and W. Wimi™ conceived more detailed theories. Linde- 
mann accepts in his first paper J. J. Thomson’s hypothesis, 
according to which N is proportional to JT, and retains the 
equipartition law for the motion of the electrons, so that q 
also becomes proportional to JT. Then, according to (676), 

the variation of the resistance - with the temperature depends 

entwely on the mean free path 1 . But this is, according to 
well-known considerations of the theory of gases, the greater 
the smaller the “ radius of action ” of the metallic atoms ; for 
the eXectrons can pursue greater paths freely, i.e. without 
coUisions, the smaller the hindrances set in their path. The 
novel part of Lindemann’s Theory is the fact that he brings 
the radius of action of the atom into relation with its ampli- 
tude of swing in its heat-motion. For it is at once obvious 
th^t the atoms in this heat-motion will cover a greater space 
m a gpven time, and their sphere of action will be the greater, 
the larger their amplitude of oscillation, i.e. the higher the 
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function of the temperature, inasmuch as it is brought into 
relation with the energy of vibration of the atoms. But, for 
the latter term, Lindmmnn inserts the value ^ven by the 
quantum theory, and finds for the resistance the formula iw 


'V/'^ - 


where v denotes the frequency of the atoms (again the mono- 
chromatic theory) ; A and 13 are constants. For high tem- 
peratures W then becomes proportional to the temperature 
T; for low temperatures TF decreases exponentially with 

hv 

6 ^ to a constant value With the help of this formula, 

Lindemam succeeds in representing the observations quite 
well (the formula contains two constants which can be mani« 
pulated) ; but, since the law of equipartition has bean retained 
for the electrons, the difficulties of the excessive atomic heat 
and of Bayleigh's radiation formula remain. Moreover, this 
theory is unable to explain the departures from the Wmdi- 
mann-Franz Law at low temperatures; for the moan free 
path Z~the only quantity dependent on T whioh occmrs in tr 
—disappears entirely from the formula (69). 

W. Wien attacked the question muoh more radically than 
Lmdeniann, In order once and for all to get rid of the 
contribution of the electrons to the atomic heat— this is the 
weak point of all theories which make use of the law of 
equipartition — he assumed that the electrons do not take 
part in the thermal equilibrium, but possess a velocity g 
which is independent of the temperature. Moreover, ha 
makes the number N of the electrons per unit volume equal 
for all temperatures. Then, according to (67), the variation 

of ~ with temperature is again determined only by the 

^pendenoe of the mean free path I on the temperature. 

isw, in a manner similar to that of connecti I 

with the energy of vibration of the metallic atoms, taking, 
nowevOT, the complete elastic spectrum into account acaord. 
mg to Belye. He thus gets for the rcBistancc the value. 
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C vdv 

W “ const. I ^ 

0 

Tor high temperatures this formula gives TT «« const. T, i.e 
proportionality with the temperature. For low temperatures 
it follows that W — const. i.e. a parabolic decrease. 
The observations are very well represented by WMs formula. 
But, above all, the unsatisfactory fact remains that this 
method does not lead us on to a theory of heat-conduction*, 
unless we make new assumptions, nor to the Wiedemann- 
Fmm Law. For, by the condition that the motion of the 
electrons takes place quite independently of the temperature, 
Wi&n has taken away the possibility of also ascribing the 
transport of heat to the electrons. 

This difficulty arises again in a more recent paper of 
F. A, Zindemann'^^^ in which, in continuation of the con- 
ceptions of Born and Kdrmdn, the supposition is introduced 
that — just as the atoms in a orystal^ — the electrons in a metal 
form a latim, F. Haber has also adopted a similar hypo- 
thesis. The conduction of electricity is then explained by 
supposing this electron lattice to move practically as a rigid 
structure relatively to the atomic lattice and so through the 
metal. This model has many advantages. Since, in the 
heat-motion, in which the electron lattice naturally takes 
part, the electronic vibrations, on account of their mass, are 
extremely rapid (high frequency), these vibrations of the 
electron, according to Planoh’e formula for the energy, make 
no appreciable contribution to the atomic heat. In addition 
the abnormal conductivity (supra-conductivity) which has 
been observed at very low temperatures may, if we use 
earlier considerations by be explained without 

difficulty by the conception that at these very low tempera- 
tures at which the atomic space-lattice is practically at rest, 
the electronio lattice glides ahnost unimpeded through the 
gaps of the atomic lattloe. 

G. BereUm,^^ in a sketch which was recently published, 
uses ideas similar to those of Lindemann. 

Finally, we may refer to a paper by K, Hernfeld f^ which, 
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in contrast to the preceding investigations, attacks the ques- 
tion from a more phenomenological point of view without 
making use of a particular model. For if, in' the formulse 
for <r and y, (67) and (68), we bring into evidence the energy 
E = of the electrons by writing the equations thus : 


NeH 


2 j2mE 

. . (72) 

imdE' 

J 

y ^ ^dE 

0- “ 3^2 • dT ■ 

CO 


we get 


as the expression which represents the WiRdemann-Franz 
Law. Serafeld then shows that, if we compare the result 
with observation, the formula (73) can be made to agree well 
with the actual measurements if we set Planck’s expression 

1 hv £ T, f , 

E. (The factor ^ has been introduced because 

the energy of the electrons is solely kinetic.) The values for 
V which have to be used stand in no recognisable relation to 
the atomic frequencies. A paper by F. v. Hauer works 
along similar lines. 

If we survey the whole field of the conduction of heat and 
electricity in metals we recognise that here the last word 
has not been spoken, and that a great deal of hard work will 
be necessary to clear up finally the extraordinarily com- 
plicated relationships. But much would doubtless be gained 
for the theory if in future the observations, as far as possible, 
are no longer made on crystal aggregates, but on metal 
crystals that are pure and homogeneous. 


CHAPTEB V 
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The Intrusion of Quanta into the Theory of Gases 

§ I. The Heat of Rotation of Diatomic Gases according to the 
Quantum Theory 

W HILE the molecular theory of the solid state thus 
gained new nourishment from the doctrine of quanta, 
the kinetic theory of gases could no longer be preserved from 
the infliiY of the new views. W. Nernst'^^'^ had pointed out 
quite early that quantum-effects are to be expected in the 
rotation of di- and polyatomic gas-molecules, and also in the 

oscillation of atoms in the 
moleoule. Let us take as 
an example the diatomic 
gas" hydrogen, the mole- 
cule of which we may 
picture provisionally as a 
rigid “ dumb-bell ” (Eig. 6), 
The knobs of the dumb-bell 
are the hydrogen atoms, 
the grip represents their 
chemical bond. Such a 
molecule is known to 
possess, besides its transla- 
tory motion (three degrees 
of freedom), the possibility 
of rotating about an axis at right angles to the line joining the 
atoms (two degrees of freedom, corresponding to the two axes 
dotted in the figure). Eotation about the line joining the 
atoms does not — if we accept Boltzmann's conception of the 
absolutely rigid smooth atom^ — come into play in the ex- 
change of energy by collision and hence in the distribution 
of energy among the separate degrees of freedom : for this 
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rotation cannot be changed by collision. Considered from 
the new point of view of quanta, which rejects “ rigidity ” and 
“ smoothness ” as an unjustified idealisation, the position is as 
follows : The moment of inertia of the molecule relatively to 
the line joining the atoms is extremely small compared with 
the moment of inertia about either of the axes at right angles 
to this line. But it is known that rotations which take place 
about axes with small moments of inertia occur with much 
greater rapidity than those about axes with large moments of 
inertia (the same energy having been imparted in each case). 
If, therefore, we identify the revolutions per second with fre- 
quencies, and use the Planch energy expression for the energy 
of rotation (which is not strictly correct quantitatively), a line 
of argument which has already been frequently applied shows 
us that the rotation about the Une joining the atoms possesses 
only a vanishingly small share of the energy. For the same 
reason (high frequencies) the degrees of freedom, which 
correspond to the vibration of the atoms in the molecule, 
become of importance only at high temperatures. As a result 

of all this, classical statistics gives us the value 2 ~ « /cT 

2 

for the mean energy of rotation of the hydrogen molecule ; 
per gramme-molecule it therefore becomes NkT = BT. 

Hence that part of the molecular' heat which arises from 

AfJ 1 

rotation is equal to B, that is, about 1*98 and it is in- 
dependent of the temperature. In oraas contradiction to this, 
A. Euchen^^ found experimentally that the rotation part of 
the molecular heat of hydrogen has the value B demanded by 
the classical theory only at high temperatures. On the other- 
hand, it gradually decreases as we pass to lower temperatures 
and approaches asymptotically the value zero at the abso- 
lute zero. In the immediate neighbourhood of absolute zero, 
hydrogen behaves as a monatomic gas. Euchen's result was 
confirmed by experiments conducted by K. JScheel and W. 
Heuse,'^^^ who, however, measured the values of the molec- 
ular heat only for three temperatures (92“, 197°, and 289" 
on the absolute scale). This falling off of the rotational heat 
is without doubt a quantum-eHeot, similar to the decrease in 
the atomic heat of solid bodies. 


/ 
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The first attempt to calculate this phenomenon theoretically, 
is due to A. Einstein and 0. Stern , who proceeded as 
follows : If J and v are the moment of inertia and the 
number of revolutions per second of the molecule respectively, 
then its rotational energy is 

. . . (74) 

A 

ts 

If, to simplify matters, we now suppose that all molecules 
rotate with the same mean number of revolutions v per second, 
then we can introduce for the corresponding mean energy of 
rotation 


the theoretical quantum value 


7i 

Ar (according to Planck* $ first theory) (76) 


Jlv Jliy 

Er = {Planck's second theory) . (77) 


a fianSy ™ — «Ia.ri,8lMply by 

get the share of the energy ol 
heat, and we see how it depends on 


rotaMoh, m and we see how it depends oi 

the tempeiainire. It thus appeared that only*by using thi 
^^^ression (77) for Er would we be enabled to get a satis 
, faetcary connexion agreeing with Eucken's measurements, i 
fact which Einstein and Stern used at the time as an argu 
'^ment for the existence of a zero-point energy. It must, how 
em, be emphasised that this theory can only be regarded as 
attempt to find general bearings and that it does no' 
falfil more rigorous requirements. For the Planck energy 
formi^ used, (76) or (77) are valid, as is shown by tbeii 
genes®, cmly for configurations whose frequency v is a con 
stant quantity independent of the temperature. Here or 
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the contrary, wo have made use ot a mean speed o( rotation 

V, dependent on the temperatWB^ r, a , 

P Ehrenfestw in 1913 built up a theory of the heat due to 

rotation on a stricter basis. He had, however, to 
himself to configurations with one degree of freedom, ww i , 
to rotations of the molecule around a fixed axis, as at that 
time an extension of the quantum theory to severa agrees 
of freedom had not yet been worked out. The axprewion 
thus obtained for the heat of rotation was then, in order to 
take into account both degrees of freedom, simply multiplied 
by 2, a method which readily suggests itself, but is not justi- 
fiable. Ehrenfest started, in his calculation, from 
form of the quantum hypothesis, according to which the 
energy of linear oscillators may only be whole multiples of hv, 
and accordingly made the oondiiaon that the rotational energy 
of a configuration with one degree of freedom (fixed axis) may 

only consist of whole multiples of The factor ^ appeart, 

because the energy of rotation— in contrast with the vibra- 
tional energy of the oscillator — is solely kinetic by nature, 
The Ehrenfest condition is, therefore, according to (74) : 


Er « ^ (27rv)2 »» « . j 

(ff, ma 0, 1, 2, 8 

. . 

. (78) 

hence 

nh 

(^ m 0, 1, 2, 8 

. * .) 

. ( 79 ) 

and by substitution in (78) 

(n - 0, 1, 2, 3 

. . .) 

. (80) 

Hence the molecules can only rotate with quite 
speeds vn, and correspondingly acquire only a 

sm'Usof 

dftcfifi 

dimrete 

at 


y »mm of 


Planches quanimm theory. It is noteworthy that 
Crete rotational energies are related to on© another 
squares of the whole numbers, whereas the ©ner^e 
Planch oscillators are proportional to the whole numbers 
themselves. With the discovery of the discrete values (f"' 
of the energy, the dynamcal part of the problem was iolv 
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But we require the mean energy Er of a totality of N similar 
molecules. It is here, then, that the second, part 

of the calculation begins. If lOn denotes the probability that 
a molecule possesses the rotational energy at the tempera- 
ture T {wn is therefore the “ distribution-function ” which has 
been extended in accordance with the quantum theory), then 
the mean rotational energy of a molecule is known to be equal 

Multiplication by N and differentiation with 

m=0 

respect to T give us immediately the heat due to rotation.193 
Ehrenfest thus obtained for the relationship between the 
rotational heat and the temperature a curve which could, it is 
true, be made to agree well with the measurements obtained 
at low temperatures by choosing the arbitrary constant J (the 
moment of inertia) suitably, but at high temperatures it showed, 
before reaching the classical value B, a maximum and a, sub- 
sequent minimum, which did not correspond with the existing 
observations. ® 

important consequence of equation 
(79), since it has played a noteworthy r61e in the further 
development of the quantum theory. If, namely, we write 
down the angular momentum (the moment of momentum iM) 
of the “oleo^e, that is, the' quantity p = J x 2Trv, then it ' 
ollows from (79) that only the special quantum values 

nh 


Pn = 


Stt 


(» = 0, 1, 2, 3 . , .) 


(81) 


the t^g-moment exist. This relation may also be 

™ ^ 0” general co- 

m thts ease 2 , the angle oi rotation I then the 

Oi momentum.198 It follows 
from this, since p is independent of <f>, that 

\p4,d(f> « 27 rp^ nh . 

id agreement with ( 81 ). ■ 


( 82 ) 
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In the same way, on the basis of Planck's first theory, 
namely, the conception that the special quantum rates of 
rotation vn are the only possible ones, and using the dumb-bell 
model, the author iss has recently carried out the strict calcula- 
tion for structures with two degrees of freedom (free axes of 
rotation), making use of the later ideas of the quantum theory. 
This stricter method likewise gives us curves for the rotational 
heat which are useless, for they also have a maximum and 
a subsequent minimum, as in Ehrenfest’s case. Only by 
making special subsidiary assumptions, such as excluding 
certain quantum states, can we get curves which rise steadily 
with increasing temperature, and which agree, at least to a 
certain extent, with observation.197 



Not much more satisfactory results were obtained in those 
investigations which, again with the use of the dumb-bell 
model, were based on Planck's second theory. According to 
this theory, the discrete values of the rotational speeds are 
not the only possible ones ; on the contrary, the molecule can 
rotate with all rotational speeds between 0 and oo , and hence 
can assume all values of rotational energy between 0 and oo, 
exactly like the Planck oscillators in Planck's second theory. 
The peculiarity of the special quantum values (80) for the 
energy here consists in the following : imagine the energies 
Ey plotted as abscisses (Fig. 7) and the corresponding prob- 
abilities w as ordinates; then a step-ladder curve results. 
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appear is therefore rotational energy will 

According to Planch's ^ ^nds of this range. 

meaning. Only at thn«o • ®\rcled points alone have a 
^ero, while all intrmediai ? Probability other than 
probability aero, that is, do noVocoul 

degree o?frSom%*^^ problem was first solved for one 
1 WeyisM.t^^^Tf rotation), M. Eolmm and 
Steadily risinff om-v^ -f ^u’ agreement with one another a 

observa&ns teTaUow e^ which fitted C 

too hish at Zl. temperatures, but undoubtedly went 
wardsf temperatures (from about UO" abs up- 

introduced later woo u which we shall be 

free axes of rotation Te to ttl%^ calculation for 

carried out. This nroblem wna freedom, could be 

■^. Planch 200 on was attacked on the one hand by 

treated differently in each Is, but was 

premise that this problem hefo started with the 

'■ degenerate '' pXms TMs ft ! ““-“"od 

ing: the moletut rotaterthr "o 

this plate in space I>““ten of 

portance for thettatisticai;trte“Se 

quantum theory is determinedtvn ™ 'Z 
the rotational LergrTn spite oI th? f f “ff 

a^tr^iZei:2he“9r - 

it wre,“'th;;trr-.c2t^^^^ 

In contrast to this, Frau Fotsmyn proceeds to turn the 
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problem into a non-degenerate one by the addition of an ex- 
ernal field, and after solving this problem, reduces the field 
of force till It vanishes. This method which was also used 
by the author in the paper above cited, appears to be par- 
ticularly advantageous, when the calculation is based on 
Planch s first theory, for peculiar diflaculties arise in “degen- 
erate cases. Success here decides in favour of the second 
method. _ For while Planch finds a curve aoa rises above 
the classical value to a maximum, and then descends asymp- 
otically towards the value E~and is therefore of no use— 
the calculation of Fmu Botszayn gives a steadily rising curve 
which agrees well with the measurements for lower and higher 
temperatures ; only the value lobserved at T = 197° abs lies 
about 10 per cent too low.^oa 



While all the above-mentioned investigations are based on 
the dumb-bell model, which can only be regarded as a pro- 
visional, schematic construction, P. S. Epstein^ in 1916 
carried out the corresponding calculations for another mole- 
cular model proposed by N. Bohr^ This model of the 
hy^^ogen molecule, to which we shall return later, is built un 
of two positive hydrogen atoms, each of which carry a single 
positive charge, and around the connecting line of which two 
electrons, diai^trically opposite, rotate in a fixed circle at a 
fixed rate (see Fig. 8). Since the equihbrium in this purely 
electrical system is determined by the play of the Coulomb 
attractions and the centrifugal forces, and since the radius of 
the electron is determined by a quantum condition, this model 
possesses the advantage that all its dimensions are completely 
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fixed, so that there is no longer any question of the arbitrari- 
ness of the moment of inertia. The “ dumb-bell knobs " are 
represented here by the two positively-charged hydrogen 
atoms; the rotations of the molecule hitherto considered 
would therefore correspond to those motions in which the 
molecule rotates with a moment of inertia / about an axis 
at right angles to the line joining the atoms. Rut to this 
there must very plainly be added the rotation of the system 
about the axis of symmetry (i.e. the line joining the atoms), 
which results from the extremely rapid rotation of the elec- 
trons. The moment of inertia corresponding to this axis is, 
m consequence of the extremely small mass of the electrons, 
very small compared with J . The whole system obviously 
possesses, if we regard it approximately as rigid, the properties 
of a symmetrical top. Its motion is therefore, in consequence 
o 1 s own rotation about the axis of symmetry, not a rotation, 
but instead the well-known motion, “regular precession.” 20a 
EpsUm treated the problem from this point of view but could 
not o^ain agreement at low temperatures with the moment 
^ model itself, 207 namely, / = 2-82 

tbp rv. A \ failure depends on the fact that 

he model does not correspond with reality, and in fact we 
^ see later that well-founded doubts ha-re arisen as to the 
M^Mtness of the Bohr model. We must therefore admit 
“ aumber of Instances in the quantum 

§ 2. The Bjerrom Infra-red Rotation-spectrum 

^ N. Bj&rrwmm has applied the relation « 

Ais 

investigations of S. P. LarJlevm p" ^0 the 

S, Bubem and E. AschhirL'i\2 S. Buhens,^tt 

Eva v Bohr as ’ G-. Eettner,'^^^ 

Which, ■ ^-Sosed”of.%^Sr^"d‘t;S 
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charged atoms, act like electric double poles and hence in 
turning emit and absorb radiation, Bjerrum was the first to 
point out that the molecular '.rotation must also make itself 
noticeable in the short-wave infra-red. For if there exists 
in this region a linear vibration vq of the ions in the molecule 
relatively to one another — and hence an absorption at this 
point — and if, in addition, the whole molecule rotates at the 
speed v;:, then it is known that there will be produced as a 
result of the composition of the vibration with the rotation 216 
two new vibrations (and, correspondingly, two new regions 
of absorption) having the periods vq -l- v,. and vq - v,., sym- 
metrically disposed on both sides of the ionic vibration vq. 
On the whole, then, we have three points of absorption : 
vr, Vq - j/„ VO -1- vr, to which we must add the non-rotational 
state Vo as a fourth. But if now, according to Blanch’s first 
theory, the molecule can only rotate with discrete speeds of 
rotation Vn [see (79)], we get symmetrically to the original 
position of absorption v = vo and, on both sides of it, a series 
of further ^discrete equidistant positions of absorption : 


V = Vo + V^ = Vo -t- w 


^ttV 


V = Vq - Vn = Vq - n 


\{n - 1, 2, 3 . . .) . (83) 


These discrete equidistant positions of absorption have 
actually been found by Eua 'o. Bahr in the case of water 
vapour^ and gaseous hydrochloric acid, and were measured 
later with still greater accuracy by H. Bubens and G. Hettner 
for water vapour. In an examination carried out on an 
extensive scale E. S. Imes^^^ has once more thoroughly 
investigated the hydrogen halides (HOI, HBr, HF) and con- 
firmed the law (83) for the position of the absorption lines. 
It ^ was thereby found that the middle line vo was always 
missing. From the standpoint of the theory here described 
this would mean that the non-rotational state does not exist, 
that is, ihat the molecules alioays rotate (zero-point rotation)! 

A. who discussed the results of E. v. Bahr, 

which were at that time the only ones known, deduced from 
the good agreement between observation and calculation that 
Blanch’s second theory is not valid, for the experiments 
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seemed so obviously to prove that the molecule can actually ' 
only rotate with the discrete speeds vn. This conclusion, 
however, is not inevitable, as Blanoh am showed in a pene- 
trating investigation. On the contrary, the observations | 

may after all be explained, surprising as it may seem, on the 1 

basis of his second theory (continuous “ classical ” absorp- | 

tion ; all speeds of rotation possible). This curious result is j 

explained as follows : Let w{Br)dEr be the probability that 
a molecule possesses exactly the rotational energy Xl hence I 
for N molecules mo(X)dX will be the number that will 
possess exactly the rotational energy These molecules | 

rotate therefore— according to (78) — with the speed I 



Vr = 


SttV j * 

The quantity w(Er) is here, according to PlancVs second 
theory, the step-ladder curve pictured in Eig. 7, Planch's 
calculation then leads to the following result ; the absorption 
of an cxUrnal radmtion of frequency v* is not~as one shotdd 
B^ec^roporkonal to the number of molecules having a 
rotational speed Vr = v* that u, to the quantity iu{Er) but to 

it, coefficient This differential coefficient 

IS, Wever, m Pig. 7 shows, CTerywhera equal to zero 
«^tmg at the special quantum energy-Talues Bifi, that is' 
at the rotahonal speeds It follows from this that here 
^fcom the standpoint of PlaneVc second theory,' 

ah expectation do j polyatomic gases, contrary to 

^ the fundamental 

r«nark must be added here °S,o*d '4“ ™P“tant 

which gives the position of ' f deductions of the relation 

half in accordance with the olaa ’ /^^^^P^ion bands are 

’Ah the quantl £e^ “ accordance 

speeds V,, are determined ?v thf the rotational 
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problem from a point of view entirely consistent with the 
quantum theory will he seen later in Chapter VIII, 

§3. The Degeneration of Gases 

The phenomena described above which were observed in 
the case of polyatomic gases (falling-off of the molecular heat, 
and infra-red absorption) justify fully the application of the 
quantum theory to motions of rotation. On the other hand, 
the attempts to go a step farther and to apply it to the 
translational energy of gases rest upon a much more insecure 
basis. If this step is taken, the hitherto exceptional position 
occupied by the monatomic gases, whose molecules contain 
only translational energy, becomes destroyed, for then they, 
too, must succumb to the quantum law. This problem 
has been attacked from various quarters [0. Saekar,^ M, 
Tetrode,^ W, JET. Keesom,'^ TT. Lem and A, Sommerfeldf^ 
JP. Soherrer,^ M. Planck^] Thus, for example, Tetrode, 
Keesom, Lenz^ md. Sommerf eld imagine the thermal motion 
of the gas split up into a spectrum of natural frequencies, and 
they then distribute the energy in quanta, that is, according 
to formula (9), over the individual natural frequencies, quite 
analogously to the manner of Debye and IJom-Kdnndn in 
the case of solid bodies. Soherrer and Plafwk, on the other 
hand, apply the quantum hypothesis directly to the motion 
of the individual gas-atoms, basing their argument on the 
^odern formulation of the quantum conditions for several 
degrees of freedom. ^ How such a quantum resolution of the 
translatoi^ motion is effected, is perhaps most easily seen 
by the following simple example (Soherrer ) : Ij©t a gas-atom 
of mass m fly to and fro in a cube-shaped space of side a 
■with the speed v parallel to one of the edges. It then 

executes a sort of oscillation with the period vm 

set its Hneho energy, E - according to Plamh'e first 

theory w-g- (n » 0, 1, 2, 3 . . .) then it follows that 

1 V h V 

ijfWU* "a ^ 
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heno« 


and E„ 


* 


• m 


Hence the velocity of the atom and its translatory energy 
can acquire only discrete, quantum-determined values. 

The calculations of the above-named investigators lead to 
two important main results, at least in qualitative agreement ; 
in the first place, there results an alteration in the gas laws 
at very low temperatures. The necessity for this “ degenera- 
tion ’ of the monatomic gases had already been recognised by 
Nernst, who deduced it on the basis of his new heat theorem. 226 
For if the equation of state of ideal gases 

fp = pressure . \ 

^ volume of a gramme-atom \ 

\B = absolute gas-constant i ’ 

\T = temperature / 

were exactly true for all temperatures down to the lowest 
then the ma xim um work A, which could be gained froi 
the isothermal expansion of the gas from the volume Iw 
the volume T^, would have, as we know, for all temperatures 
Mie value 

A = \pdV=BT\^.BTlog,(^). 

For all temperatures down to absolute zero, ^ = Blog 

worfd differ from zero, in direct contradiction to the condition 
(88) of Nernst’ s Theorem. Hence it follows that in the region 
of the lowest temperatures, the equation of state ( 85 ) must 
tmd^go modification. ^ In fact, experiments of 0. Saohur 227 
on hydrogen and helium appear to speak in favour of the 
existence of this '' degeneration.” . 

§4- The Chemical Constants of Monatomic Gases 

T!i« second main result given by the application of the 
theory to monatomic gases, is an extremely in- 
tensbng relahon of the Planck constant h to the so called 
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“ohemioal constant” of the gas, a quantity whioh playi 
an important part in changes of the state of aggregatioi 
(vaporisation, sublimation) and in ohemioal states of equi' 
librium. ^ But it is here specially emphasised that the re- 
lationship just mentioned is not bound to the undeniably* 
hypothetical resolution of the translatory energy into quanta. 
On the contrary, 0. Siam 228 has succeeded in deducing it ua- 
objectionably, without applyiwj the, quantum theory to tfm ga$. 
The original method, which Stern adopts, may be shortly 
sketched here. Consider the process of sublimation, i.a. tha 
passage from the solid into the vapour state. Let the 
vapour obey the gas laws, and let its density be negligible 
compared with that of the condensed solid. Then classical 
thermodynamics gives for the pressure p of the saturated 
vapour as a function of the temperature tha following 
equation : ® 


..,^0 j. 
liT^ 


logT 


0 


Here Xq is the heat of vaporisation (per gramme-atom) at 
absolute zero, is the energy of the condensed solid (per 
pmme-atom) at the temperature T; the constant C, whioh 
18 the ohemioal constant of the vapourising substance 
remains undetermined, according to thermodynamm. On 

riglit-hand aido ot 

equation (86), which contains the energy of the solid 
material, may be completely calculated upon the basis of 
assured knowledge of the energy-oontent of the solids. 
We only require to assume the solid to be a Bom-Kdrmdn 

qhantum-theoretioal value (4,1) 
for . If we now restrict ourselves to high temperatures, 
to a region, therefore, in whioh the classical theory^ is valid 
(CD) assumes the form ’ 


X 4. 
■^0 + 


ilogT+sWt'Uo ,87, 



82 THE QUANTUM THEORY 

(The dN quantities vi here form the elastic spectrum of the 
solid body ; v is their geometric moan.) The formulation of 
this equation constitutes the first step of Stern s deduction. 
It gives the result of thermodynamics, extended by the 
application of the quantum theory to the condensed sub- 
stance. The second step is the formulation, in accordance 
with molecular theory, of a vapour-pressure formula for high 
temperatures, in the region therefore of classical statistics. 
Here, also, the Born-Kdrmdn solid model is used for the con- 
densed substance, and, on the basis of known laws of 
probability, the number of the atoms is calculated which are 
in statistical equilibrium in the vapour phase. In this way 
the density of the vapour, and hence, as a result of the gas 
laws, its pressure, are given. So Stern finds 

( 88 ) 


Here m denotes the mass of an atom, and is the work 
which is necessary to bring N atoms {N is the Avogad/ro 
number) from complete rest to the gaseous state. An un- 
determined constant naturally does not appear in this formula 
deduced from pure molecular theory. Eor the molecular 
model is completely determinate, and hence gives the absolute 
value of the vapour pressure, not only its temperature co- 
ef&cient, as in the case of thermodynamics. A comparison 
of (87) with (88) shows, firstly, that 



Xo + 



(89) 


and secondly, that the chemical constant 0 has the value 


C 



(90) 


Relation (89) may be interpreted by making the supposition 
that the solid body already possesses an energy amounting to 

at the absolute zero, that is, a “ zero-point energy,” to 

1 

which the latent heat of vaporisation Xq must be added, in 



1 , and measure the vapour pressure nob in 
re but in atmospheres, we get the ohemieal 
id by Neimst, which is related to value 


C 


6-0067 


y get the simple expression 
C'o >1- I logio M, where « ~ 1*69 . (91) 
as been brilliantly verified by experiment. The 
rustworthy measurements o! vapour pressure 
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The Quantum Theory of the Optical Series. The 
Development of the Quantum Theory for several 
Degrees of Freedom 

§1. The Thomson and the Rutherford Atomic Models 

T he greatest advance since M. Law’s discovery of the 
method of Eontgen-spectroscopy for determining crystal 
structure was made in the realm of atomic theory in 1913, 
when the Danish physicist Nids Bohr placed the atomic 
models in the service of the quantum theory. Bohr’s labours 
have in their turn reacted on the quantum theory and fertil- 
ised it, and thus a marvellous abundance of notable successes 
have been achieved in recent years through the interaction be- 
tween the dynamics of the atom and the quantum hypothesis. 

Among serviceable atomic models, the one proposed by 
7. J. Thomson long occupied a much favoured position ; accord- 
ing to it, the electropositive part of an atom, which constitutes 
the most important part of its mass, is supposed to be a 
sphere of “atomic dimensions” (radius about 10“® cms.) 
filled with a positive space charge in the interior of which the 
negative parts, the electrons, rest in a stable position of equi- 
librium. This model has the great advantage of explaining 
on purely electrical grounds the possibility of “ quasi-elastic- 
ally bound” electrons, i.e. such electrons as, being displaced 
from their position of rest, are drawn back into it by a foru 
which is proportional to the displacement. And it was just 
with the help of such electrons that, as is well known, P. 
Drude,^ W. Voigt, ^ M. Planch,'^ and H. A. Lorentz^ 
succeeded in building up large regions of theoretical optics, 
namely, the theory of dispersion and absorption, and the 
magneto-optical effects (magneto-rotation and Zeeman effect). 
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Moreover, the Thomson atomic model was able, by following 
the classical doctrine of the theory of electrons, to do what 
must be demanded of every serviceable atomic model, vi^. to 
explain the emission, as a result of the oscillation of its 
electrons, of sharp, i.e. essentially monochromatic “ spectral 
lines," the position of which, on account of the quasi-elastic 
restoring force,®®® was independent of the intensity of the 
excitation, that is, of the energy of the oscillations. 

In three important points, on the. other hand, the model 
failed oompletely, In the first place no success at all, unless 
with complicated and artificial hypotheses invented ad hoo, 
attended efforts to deduoe from Thomson's model the formul® 
for the optical series, for example, the simple formula for the 
Balmer series of hydrogen,®®'^ Secondly, the model could not 
account for the division of the spectral lines in an electric 
field as observed and closely studied by J, Stark ^ {Stark 
effect), in spite of the fact that it had been found most 
valuable, in the hands of E, A, Lorentz, for explaining and 
calculating the Zsman effect,®®® Thirdly, it was not In a 
position to explain the large individual deflections, sometimes 
exceeding 90“, which, according to JET. Qeuj&r and Marsdon^^ 
a-partioles undergo in passing through thin metallic foils, 
For on their way through the metallic foil, the a-partioles, 
which are known to be doubly charged helium atoms, oome 
into the neighbourhood of the metallio atoms and are more 


of the atoms. If, now, the metaUio atoms were 




greatest value at the surface of the positive sphere, at a 
distance therefore of about 10"® oms, from the centre of the 
atom. For from the surface outwards the field decreases, 

according to Coulomb's Law, with while it grows from the 

centre to the surface proportionately to r. Those a-partioles, 
therefore, which pass close to the surface of the positive 
sphere, must undergo the greatest deflection. An easy ap- 
proximate calculation shows, however, that the field at this 
distance from the centre is far from being strong enough to 
explain the great deflections which Q&igwr and Marsdm have 
observed. This weighty reason led E, Butlurford to set up, 
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instead of the Thomson model, a new one, which was able to 
explain the large deflections of the a-rays. According to the 
Buthorford atomic picture, the electropositive part of the 
atom is compressed into an extremely small space 24a the so- 
called nucleus. Its charge E consists in general of z positive 
elementary charges e, so that E = ze. Here z is, according to 
a hypothesis of van den BroeJc,^^ the atomic numher of the 
element, i.e. the nnmher which gives the position of the 
element in the series of the periodic table. Thus, for example, 
z — X for hydrogen, 2 for helium, 3 for lithium, and so on. 
About this nucleus the electrons describe planetary paths, 
that is, circles or Kepler ellipses with the nucleus as focus, 
since the electrons are attracted by it in accordance with 
Coulomb’s Law (inversely proportional to the square of the 
distance). 

In the electrically neutral atom having the atomic number 
z^ z electrons circle round the nucleus. For example, the 
neutral hydrogen atom consists of a singly charged nucleus 
{E = e) around which one electron revolves in a circular or 
elliptic path. - 

That this Rutherford model is actually able to explain the 
cause of large deflections of the a-particles is seen at once ; 
for the field-strength of the nucleus, in contrast to Thomson s 
model, increases strongly up to the immediate neighbourhood 
of the nucleus, in accordance with Coulomb’s Law ; hence, 
if the positively charged a-particles come very close to the 
nucleus — that is, much nearer than 10 cms. — ^then they are 
exposed to the extremely powerful repulsion of the nucleus. 

On closer examination, the Rutherford atomic model dis- 
appoints us seriously : for the revolutions per second, v, of 
the electrons depend on the energy of the system.®* If, 
therefore, we suppose, according to the classical electron 
theory, that an electron revolving at v revolutions sends out 
an electromagnetic radiation of frequency v, then, since the 
system loses energy by this radiation, v must diminish cor- 
respondingly. But this means that the atom is tmaUe to emit 
a sharp, homogeneous spectral line. « 

§ 2. Bohr’s Model of the Atom 

It thus appears that we are obliged to reject this model at 
the very outset. But the history of physics has decided 
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otherwise. With deep-sighted intuition. W&Is Boiir saw the 
luaiWlities of Butherford's model and brought it under the 
^ fntnm tLory by making three bold hypotheses.2« In the 
S place he a^ssumed that the electron (or electrons) cannot 
rfLve around the nucleus in all paths possible according to 
Z view o£ mechanics, but only rn certain discrete orbits 
Zermined by the quantum theory. If we restrict ourselves, 
as SoJir did initially, to circular paths, then only those paths 
of an electron are allowahla from the view of the quantum 
Zorv for which the moment of momentum (angular mo- 
Znturo) of the revolving electron is a whole multiple of 

A in exact agreement with the quantum condition (81) or 
Stt* 

(82) for the rotating moleoulev 
This givos, in the simplest 
case for the quantum paths of 
the electrons, a discrete famuy 
of ooncentrio circles around 
the nucleus, with radii, which 
are related to one another as 
the squares of the "whole 
numbers (1 ; 4 : 9 : 16 • 

). See Fig. 9. ~ 

Secondly, these allow- 
able” orbits are stationary; 
they are in a certain sense 

y. . . « r.J rninici 



Fia. 9. 


iiViAv are in a certam i „ 

tabic rtates of motion. This stabiUty is gamed by making 

the radical condition that the 

with everything that the olassioal theory has tanght ns 
Zll MWadiate when in the stationary paths. Since by 
tL “decree" the loss of energy is abolished, 
r continually revolve in such a '' 
there are such ” non-radiatmg paths m the atom, 
yond doubt. Among other things, ^ 

If the para- and ferro-magnetism of bodies, 

'generated by revolving olootrons, speaks >“ 


\ 
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atom, the actually observed emission must be accounted for 
by a new hypothesis. Here, again in direct connexion 
with Planck’s original quantum rule, Bohr's third condition 
takes effect ; when the electron passes from one allowable 
quantum orbit, in which the energy is W^, into another 
allowable quantum path of energy TYj, energy amounting to 
W2 — TTi is radiated in the form of an energy-quantum hv of 
homogeneous, monochromatic radiation. The frequency of 
the radiation emitted is determined by “ Bohr’s Frequency 
Condition : ” 


_ TTg - Wi 
h 


. (92) 




W e can follow Einstein 2*6 in imagining the passage from 
the state of higher energy to the state of lower energy as a 
sort of radio-active disintegration, the occurrence of which in 
time is determined by chance. The details of this passage and 
the release of energy accompanying it are, however, entirely 
obscure up to the present. 

§ 3. The Hydrogen Type of Series according to Bohr’s Atomic 

Model 

However bold and unorthodox Bohr’s three hypotheses 
may have appeared, their success was surprising. If we apply 
them to a ‘‘hydrogen type” of Untherford-d^iom in which 
a single electron revolves around a positive nucleus with a 
5f-fold charge, we get 2*7 for the frequencies of the spectral 
lines, which the electron emits in passing from the wth to the 
sth quantum path, the following values : 


~ h^ V - ^2) 




Csf m charge and mass'] 
of electrons ' 

[5, n whole numbers I 


If we here set z=l (hydrogen), s = 2, w = 3, 4, 6 . . . 
get in exactly the same form the empirical expression for the 
BeXmex series of glowing hyd/rogen^. 
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the hydrogen type of series 

For the constant JNT which appears in the empirical formula, 
the so-called Bydberg number, Bohr's Theory therefore gives 
the expression 

]Sf - .... (96) 


If we use here the well-known values 
0 « 4:' 774 X 10 “ “ (Millihan) h ^ &'66 x 10 " {Planch) 

® - 1*77 . 10^ 
me 

then it follows from (96) that 

N - 3‘27 . IQifi 

while the empirical Bydberg number has the value 3 '29 . 10^®. 
This striking agreement and the resolution of the Bydberg 
number into universal constants is one of the main achieve- 
ments of Bohr's Theory,**® and forms a strong argument for 
its innate power. We may say that, according to Bohr's 
original theory, the individual lines of the Balmer series (JJ„, 
By, . . 0 are emitted when the electron jumps from the 
3rd, 4th, 6th .. . orbit into the 2nd. 

With this statement, however, the achievements of formula 
(93) are nob exhausted. For it includes, as we easily see, 
further spectral series of hydrogen. Namely, if we set s » 1, 
M «» 2, 8, 4 . . . we get the ultra-violet series that was found 
and measured by Lyman.^ If on the other hand we set 
s 3, w «» 4, 6, 6 . . . we get the infra-red Bergmann series, 
the first two lines of which were measured by F. Pasohen,^^^ 
The element which follows hydrogen in the Periodic System 
is helium (atomic number a - 2), While, however, the con- 
stitution of the neutral helium atom with its two electrons 
is already more complicated — according to the latest investi- 
gations, the two electrons circle around the nucleus in two 
different orbits— the simply ionised helium atom, which has 
therefore a single positive charge, is entirely of the hydrogen 
type ; for it consists of a doubly-charged positive nucleus 
around which an electron rotates. The sole difference, as 
compared with the hydrogen -atom, thus consists in the 
doubling of the nuclear charge, « =» 2. The series emitted 
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from the positive helium atom may therefore, according to 
(93), be comprised in the formula 



where N is again the Bydberg number as defined in (98). If 
we here set s = 3, = 4, 5, 6 . . . we get the so-called 

“ principal series of hydrogen ” which was observed by 
Fowler 28a and very recently measured with great care by F. 
Paschen.^^ For s = 4, to = 5, 6, 7 . . . we get the so-called 
“ second subsidiary series of hydrogen,” which was observed 
by Pickering as* and Evans.^^^ Both series were, before the 
advent of Bohr's Theory, falsely ascribed to hydrogen. 

A new and extremely noteworthy result of Bohr’s Theory is 
revealed, if we allow for the movement of the nucleus in our 
calculations. For, in reality, the nucleus is not stationary, 
but nucleus and electron revolve about their common centre 
of gravity. By taking this fact into account we are led to 
a slightly altered expression for the Bydberg constant. In 
place of (95) we get the formula 





in which M denotes the mass of the nucleus. It follows 
from this that for different elements, for instsunce, hydrogen 
and helium, the Bydberg constant differs somewhat and is 
smaller for hydrogen than for helium (since Mh<C. Iii 

general, the value of the Bydberg constant increases with 
inqpase of atomic weight tending towards a limiting value. 
All this is in perfect agreement with the results of many 
years of spectroscopic research. 

In the same way as emission, absorption has a quantum- 
like character, according io Bohr’s model. If light, say of 
the first Balmer line {Ha}) falls upon a hydrogen atom, a 
quantum hv of this external Ha radiation is used to “raise ” 
the electron into the third quantum, orbit. An amount of 
energy hvsa is taken from the external radiation, that' is, light 
from\the line Ha is absorbed. ’ > 
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§ 4, The Structure of the Periodic System 

Even in his earliest papers Bohr endeavoured to construct 
for the higher elements as well (Li| Re, R, 0, etc.), in con- 
nexion with the Periodic System, suitable atomic models 
with several rings of electrons, each occupied by several 
electrons, in which, for example, the well-known octaves of 
the svstem are reproduced by a regular arrangement of the 
exterLl electrons which recurs at every eighth element, 
while the number of the electrons revolving in the outermost 
ring is equal to the valency of the element in question. 

W. Kossel 2 ®® arrived at a similar structure of the atoms as 
a result of a profound investigation of the formation of mole- 
cules from atoms. Also, L, y6gard,^'J A, Sommerfeld,^ and 
B. Ladenburg^^ have constructed analogous atomic models, 
particularly taking into account the well-known up-and-down 
curve of atomic volumes, and using them to explain other 
periodically varying properties (paramagnetism, ionic colour). 
These considerations, although they are tending indisputably 
tckmg-4h^'ight lines as far as the general principles are con- 
cernedrare^t yet firmly established in detail. 

§ s. The Quantum Hypothesis for Several Degrees of Freedom 

While the quantum hypothesis in its most primitive form 
demonstrated in this way its innate power by entering the 
field of atomic dynamics, it had, in doing so, gained little as 
far as its own development was concerned. Rut the fruits of 
Bohr's Theory ripened more rapidly than could have been 
divined. Already the year 1916 brought a decisive develop- 
ment : almost simultaneously, Blanch and Sommerfeld inde- 
pendently found the solution of a problem that had long been' 
a burning question, namely, the extension of the quantum 
theory to several degrees of freedom, Sommerfeld mo retained a 
close connexion with Bohr's Theory in attacking the problem. 
The first main condition of this theory related to the choice 
of “ allowable " stationary orbits among all those mechanically 
possible, According to this, as wo saw, only those orbits 
were allowed for which the moment of momentum {Impuls- 

h 

moment) jp is a whole multiple of ^ . This may also be 
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expressed according to (81) and (82) thus : among all mechan- 
ically possible paths, only those are allowable and stationary 
for which the phase-integral fulfils the condition : 

^pdq = nh . . . . (98) 

In this quantum condition we are to replace according to 
(82) the general co-ordinate q by the angle of rotation (the 
“ azimuth”) the impulse^ by the “ impulse (or momentum) 
corresponding to namely, 2 ?^ (the moment of momentum). 
The integration is thereby to be extended over the whole range 
of values of the variable q, that is, in the present case, from 
0 to 27r. 

In the case of the original Bohr Theory, which considers 
only circular orbits, there naturally exists only a single 
quantum condition, namely, that for the case q = cf), since 
the angle of rotation (f> is the only variable of the path. 
Matters are otherwise, when we reject the limitation to 
circular orbits, and hence take Ze^Zer-ellipses into account. 
Then each point of the path is determined by two variables, 
namely, by the distance r of the electron from the nucleus, 
which is at the focus of the ellipse, and by the angle (f) (the 
“ azimuth ”) which r makes with a fixed direction (say with the 
straight line, which joins the nucleus to the perihelion). In 
this case we are presented with a problem of two degrees of 
freedom, with two generalised co-ordinates, r and 0 (polar 
co-ordinates). The simple extension of the quantum hypo- 
thesis by Sommerfeld now consists in setting up in this case 
two quantum conditions of the form (98), one for the co- 
ordinate which agrees with the single quantum condition of 
Bohr's Theory, and a new one for the co-ordinate r, so that 
the s^sotion of the stationary orbits is here determined by 
the two following equations : 
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integration in (100) is to be taken over the full range of 
values of r, that is, from the smallest value r,ui„ (perihelion) 
to the greatest value (aphelion) and back to the smallest 
’’min, (99) called the azimuthal quantum condition, n being 
the azimuthal quantum number ; (100) is the radial quantum 
condition, n the radial quantum number. 

In a corresponding manner the extension may be carried 
out for more than two degrees of freedom. If the system has 
/degrees of freedom, and if it is therefore characterised by 
the / generalised co-ordinates Qv 9s • ^ the, corre- 

sponding impulses Pjj, pg . . then the “allowable” 
movements of the system are limited by the / quantum 
conditions : 

- n^h; - n^h . . . |p/2g/ « nji . (101) 

(Wj, Wg . . . % are positive whole numbers). 

In every one of the / phase-integrals the integration is to 
be performed over the full ninge of values of the co-ordinate 
in question. 

A difficulty, which arose here from the outset, was the 
question as to tuhioh co-ordinates ought to be chosen for the 
application of the quantum rule (101), or whether the choice 
is immaterial. In general, we may characterise a system of 
several degrees of freedom by various types of co-ordinates ; 
for instance, we may describe the Kepler movement of the 
electron either by polar co-ordinates r and or by Cartesian 
co-ordinates x and y. This question is the more urgent, 

when one considers that the separate phase-integrals ^pidqi do 

not really become constanta for every choice of co-ordinates, 
as is required by the quantum rule (101). soa P. S. Bpatein a®® 
and K, SoJmarzaohild^ have solved, independently of one 
another, this problem of the “ correct choice of co-ordinates ” 
to a certain extent. Incidentally, an interesting and sur- 
prising relation of the quantum rules (101) to a long-known 
theorem of classical dynamics was revealed, which had been 
propounded by JaooU and JSamUlon, and had hitherto been 
successfully applied in celestial mechanics. EinaUy, quite 
lately, A, by modifying the expression (101), has 
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put forward a quantura hypothesis which has the advantage 
of being independent of the choice of co-ordinates. But a 
closer discussion of these abstract investigations would lead 
us too far here. 

The second formulation of the quantum hypothesis for 
several degrees of freedom is due, as already mentioned, to 
M. Planck.^^ It is, as it were, more cautious in its nature 
than the more radical attack of Sommerfeld. Planch, cpn- 
tinuing directly from the division of the phase-plane of linear 
oscillators already discussed, starts from the so-called Oibbs 
phase-space to deal with more complicated systems. Eor a 
system of /degrees of freedom, which is characterised by the 
co-ordinates ([i, g .2 ' • ‘ ^ impulses \ Pf^ 

the Qibb's phase-space is that 2/ dimensional space, the points 
of which possess the 2/ co-ordinates £1 . • • Pf^ Bach point 
of the phase-space (phase-points) represents, therefore, a 
definite momentary state of the system in question. Planch - 
now gives this phase-space, in exact analogy to the phase- 
plane, a cellular structure, by bringing into prominence 
certain specially distinguished boundary surfaces. At the 
same time the size of the cells is proportional to 7z/. The 
points of intersection of those boundary surfaces then repre- 
sent the distinctive quantum states or phases of the system 
(that is, according to Planch's first theory the only possible, 
the “allowable” conditions). In contrast with ^owwer/eZd s 
Theory, in which the motion of a system of / degrees of - 
freedom is always determined by / quantum conditions, in 
Planch's, under certain circumstances, the case may occur 
that fewer quantum conditions than degrees of freedom exist, 
so that several (“coherent”) degrees of freedom are limited 
by a single quantum condition. 

§ 6. Sommerfeld’s Theory of Relativistic Fine-structure 

That these theories had found the kernel of the matter was 
soon to be shown by applying them to Bohr's atomic model. 
According to them from among all the, mechanically possible 
paths, which the electron can describe about the «-fold 
positively charged nucleus, the allowable, stationary paths 
must be determined by the two quantum conditions (99) and 
(100). This gives, in place of the discretei^qTiantised circles 

■ af ... .1... .. ■■ 
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of Bohr, dmr&tely quantmcl Kspler ellipses, among which 
also the Bohr circles are included, as special oases. And 
further, the ellipses are quantum-determined, both with re- 
ference to their sizes (i.e. to their major axes), and to their 
form (i.e. the relation of the axes to one another), so that here 
every orbit, as compared with Bohr, is characterised by two 
quantum numbers n and in place of formula (93) for 

the hydrogen type of series, we get the general formula : aos 


Nz'^ 


.(» 4- s'y^ {n -t- n')'\ 


(102) 


Here again N, the Bydberg constant, is given by (96), or 
more exactly (the motion of the nucleus being taken into 
account) by (97) ; s and s' are the two quantum numbers 
(azimuthal and radial) of the final orbit of the electron; n 
and n' are the quantum numbers of its initial orbit. Since 
also, as a result of this more complete view of Sommerfeld, 
the number of allowable orbits is greatly increased, as com- 
pared with those arising from Bohr's Theory (owing to the 
addition of the ellipses), the electrons have a great many 
more possibilities in passing from one orbit to another, that is, 
the chances of generating spectral lines are multiplied. But 
we easily recognise the following fact ; if wo choose as the 
final orbit of the electron any one of those orbits, for which 
the sum of the quantum numbers s -f s' has a definite value, 
say s 4 s' « 2, and as initial orbit, any one of those paths, 
for which n n' has a definite value, say n + n' B, then 
all the different transitions of the electrons from any one of 
these initial orbits to any one of these final orbits generate 
always the same line (in the case of the figures above chosen 
it will be the first Balmer line) ; for according to (102) the 
frequency of the line emitted depends only upon the sum 
s 4 s', and the sum n 4 n', and on the other hand not on the 
separate values of s, s', n, n'. It would thus appear as if 
nothing is gained physically by Sommerf eld's elaboration of 
the theory as compared with Bohr's original theory. How- 
ever, as Bohr had already pointed out, the calculations are 
incomplete in one important respect, which become of funda- 
mental importance when consistently taken into account, 
and which represents the main achAevement of Sommierfeld' s 
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theory of spectral lines. Namely, the velocities of the 
electrons, which appear in these problems, oannot be con- 
sidered negligibly small compared with the velocity of light. 
In this case, however, we cannot, as we know, calculate by 
the methods of classical mechanics, which regards the mass 
of the electron as constant, but must taTce our stand upon the 
theory of relativity, and hence take into account the variations 
of the mass of the electron with its speed. Sorn'nierfeld com- 
pleted the calculation in this respect. The paths of the 
electron and the nucleus differ, in this refinement of the 
theory, from the ordinary Kepler ellipse in that the perihelion 
of the orbit advances in the course of time, and. that the path 
loses its closed character. This has the effect that the energy 
of the electron in the stationary quantum-chosen orbits — ^which 
here also are determined by (99) and (100) — is no longer 
solely dependent on the sum of the quantum numbers as in 
the case of the non-relativistic Kepler motion, but that the 
quantum numbers n and n' also enter, separately, into the 
expression for the energy. Only as a first approximation, 
therefore, i.e. when the relativity correction is neglected, 
will the frequency v of the spectral line emittod depend on 
the quantum sums s 4- s' and n + n' alone, as (102) shows. 
If we take into account the relativistic change of mass of the 
electron, on the other hand, v will also depend on the 
individual values of s, s', n, It follows, therefore, that 

the various possibilities, above considered, of the generation of a 
definite spectral line, that is, the passage of an electron from 
any one of the initial orbits s + s' = constant to any one of the 
final orbits n + n' => constant, no longer produce exactly the 
same lime, hut give rise to slightly different lines, which, how- 
ever, on account of the smallness of the relativity effect, lie 
very close together. This is Sommerf eld’s explanation of the 
fine-structure of the spectral lines in the case of the hydrogen 
type of spectra. For example, according to Sommerfeld, the 
first line of the Balmer series (the red hydrogen line Ea) must 
consist of fiye components, which are arranged in two chief 
groups (of two and three eaeh). ^The mean distance of these 
two groups from one another ehould amount, according to the 
theory to about 0 - 126 A,' the best measurements of the 
hydrogen doublet gave the value {BaicHen, Meissner). 


97 


HIGHER ELEMENTS 

If this agreement already speaks strongly in favour of Sommsr- 
feld’s Theory, the exact measurements, by F. of the 

fine-structure of the lines of positive helium {FowW series) have 
given a still more convincing proof of its correctness ; almost, 
without an exoeption, all tJm oompomnts feg[umd hy tho 
theory of the fine-structure appeared on the photographic platen 
and thus proved strikingly the existence of the stationary paths 
of the electron and its relativistic change of mass. 

Two interesting consequences may yet be mentioned her© , 
they are directly connected with SommerfeldB Theory and 
Paschen’s observations. First of all they have rendered 
possible the use of the fine-structure measurements for a 
direct “spectroscopic” determination of the three funda- 
mental constants e, (mass of the electron at infinitely low 
speeds), and h.^n Secondly, E. Qlitschervn was able to 
show that we only find the spectroscopic observations, for 
example, the size of the hydrogen doublet, in agreement with 
the theory, when we use for the variation in the mass of the 
electron the formula given by the theory of relativity. On 
the other hand, Abraham's Theory of the rigid electron leads 
to formulas which do not agree with experiment. 

§7. Higher Elements 

We thus see that Butherford's atomic model as further 
developed by Bohr and Sommerfield far exceeded the ex- 
pectations which it could reasonably be expected to fulfil. At 
any rate, it has revealed to us the optical series of hydrogen 
and helium with undreamed-of precision as far as the finest 
details. But beyond these primary gains, it has undertaken 
a further series of successful attacks. Thus Landi^f* was 
successful in calculating the two series-systems of neutral 
helium (helium and parhelium) by taking, in contra- 
distinction to Bohr, a model of the neutral helium atom in 
which the two electrons circle around the double positive 
nucleus in two different orbits, either co-planar or else 
inclined at an angle to one another. In this case then, the 
external electron, the leaps of which generate the radiation, 
moves in a field in which the simple Coulomb Law no longer 
holds, on account of the disturbing influence of the inner 
electron. Examples of this type which differ from that of 
7 
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hydrogen have been generally investigated by Sommerfeld, 
•who has shown 278 that by giving up the Coulomb Md. we 
arrive, to a first and second approximation, at the Mydb^fg 
and Bitz forms of the series laws. A very promising 
beginning in setting up a quantum theory of the spectral 
lines was thus made. 

§8. The Stark Effect and the Zeeman Effect in Bohr’s Theory 
of the Atom 

Under the circumstances the question forces itself upon us, 
whether the atomic model in its present state of development 
is able to acco'unt for the StuTh effect, that is, the splitting up of 
the spectral lines as a result of the action of an external electric 
field on the electrons emitting the lines. Eor, as we may 
remember, the original Thomson model had completely failed 
just at this point. And how do matters stand as regards the 
Zeeman effect, the splitting up of spectral lines as a result of 
an external magnetic field? Could the new model explain 
these phenomena as well as the old ? Both questions have 
fortunately been answered in the affirmative. As regards the 
Starlc effect, P. S. jEpstein,'^’’^ in an important paper, succeeded 
in demonstrating the following : if we calculate the motion of 
the electron ■under the influence of the nucleus and the 
external field, according to the methods usual in celestial 
mechanics, and then choose from among all mechanically 
possible motions the allowable stationary orbits by applying 
the modern quantum rules for several degrees of freedom, and 
if, thirdly, we allow the electron to leap from one of these 
stationary paths into another (whereby we limit the infimte 
number of possible passages by a “principle of selection” 
presently to be discussed), then the Bohr frequency formula (92) 
gives with the most admirable accuracy and completeness, both 
as regards position and number, all the components of the 
resolved lines as observed by Stark in the cases of hydrogen 
and positive helium. This astonishing result must be re- 
garded as a further, strong ■ support of the correctness of 
Bohr’s model and its system'' of qusaxta. The theory of the 
explanation of the Zeemavi effect has up to the present not 
• been quite so' successful. - If is , tipue that Debye vn and 
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have been able to derive the normal Zmm(k% 
m of the original line into a triplet when the 
ration is perpendicular to the Hues of force) by 
rom the model. The explanation, however, of 
nt phenomena in this field has not yet been 
L: firstly, the anomalous Zeeman effect and its 
■Preston rule), and secondly, the fact, discovered 
,nd BachP^ that even in the case of lines with a 
fine-structure, the normal triplet is formed as 
field grows. Further investigation will, it may 
ravel those difficulties. 

Principles of Selection of Rubinowicz and Bohr 

as the foregoing considerations deal only with 

lines in the spectrum, i.e. with ihm fregumoy^ 
confronted with the problem of their form of 
. their intensity and polarisation. Moreover, the 
lestion had yet to be answered, whether all leaps 
■on from any one stationary path to any other 
or whether the number of allowable transitions 
lited by some "principle of selection.” This 
imentally, a question of intensity, for the position 
rded as follows : the forbidden transitions oorro- 
D intensity. The solution of this whole complex 
has been greatly advanced quite recently. In 
30, A> Bnhinowkz,^ by applying the law of the 
of the moment of momentum {impuls-moment) 
m atom + radiated wave, arrived at a principle 
i,nd a rule of polarisation of the following form : 
the hydrogen type, which are removed from the 
external fields of force, the asiimuthal quantum 
the electron [see formula (99)] can only alter by 
1, when emission takes place. In the first case, 
diated is linearly polarised, in the two other 
,rly. The position of the plane of the orbit 
jhanged during the process of emission, In 
atoms differing from the hydrogen type, and 
iplicated structure, the position is less simple ; 
he total moment of momentum of all the 
ling part of the system (we know that this 
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impulse remains constant during the motion), equal to a 

h 

whole number, %*, times it is just the changes in this 

number n* during the emission which must be limited by the 
principle of selection in the same manner, as, in the case 
above, the alterations in the azimuthal quantum number of 
the individual electron in its leaps were limited. Here also, 
zero change in the azimuthal quantum number gives linear 
polarisation, changes by +1, on the other hand, lead to 
circular polarisation. In place of the orbital plane we get 
the “ invariable plane ” (at right angles to the total moments 
of momentum or impulse- moments), the position of which in 
space remains unaltered. If, finally, the atom is exposed to 
an external field, say a homogeneous electric field {Stark 
effect) or a homogeneous magnetic field {Zeeman effect), then, 
as we know, only that component of the total turning 
impulse remains constant during the motion of the masses 
forming parts of the atom which is parallel to the external 

h 

field. If we set these components of impulse = then 

only the alteration of this number n^ will be limited by the 
principle of selection (that is, the alterations must be 0^^ + 1). 
The principle of selection is thus clearly weakened in its 
action by the external field, and can, if fields of irregular 
strength and direction act on the atom, become completely 
illusory, as, for example, in the case of electric discharges. 

By means of entirely different considerations, N, Bohr *81 
arrived at results which coincide, in essentials, with those of 
Bubinowicz, but exceed them greatly in range. Bohr started 
from the fact that in the limit for large quantum numbers, 
when the successive stationary states of the atom differ very 
little in the energy they involve, the frequency that the 
electron emits in its passage between neighbouring states 
becomes identical with the rate of revolution in the stationary 
orbit.282 The electron therefore emits, according to Bohr's 
frequency condition, the same line that it sends out accord- 
ing to the classical theory of electrons. In other words, for 
very high quantum numh&rs, the quantum theory passes over 
into the classical theory, {Bohr’s “Principle of Correspon- 
dence or Analogy.”) Arguing from this principle, Bohr pro- 
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ceeds as follows : according to classical mechanics, the motion 
of the electron in Bohr's atom may be represented as the super- 
position of component harmonic vibrations of the frequency : 

1/jj1 = +■ TjjWg Hh . . . -f- TjVif . , (103) 

Here, . . . t/ are whole numbers which in general may 
have all values between - cx) and + co ; the . . . w/ are 
certain constants which depend on the character of the 
motion : / is the number of degrees of freedom. Let the 
amplitude of the partial vibration characterised by the 
numbers to r/ be A^i . . . Ar/. Then, according to classical 
electrodynamics, y/ti is the frequency of the radiated partial 
wave (tj . . . r/) and A^i . . . Ar/ is a measure of its in- 
tensity. On the other hand, the following result is derived 
from the quantum theory {Bohr's frequency formula) for high 
quantum numbers: in the transition from an initial state 
characterised by the quantum numbers m^, , m/ into a 

final state corresponding to the quantum numbers . . . %, 
a line of frequency 

VQu = - wjo)! -I- (wa - + . • . + (wv- M/)w/ • • . (104) 

is emitted. Here the quantities . . . ay are the same 
constants as in (103). But, according to Bohr's Principle of 
Analogy, for high quantum numbers vki =» i/qn. Hence there 
follows from a comparison of (103) with (104) 

Ti “ % - ih, Tg = Wig - rig . . ., . . m/ - 11 / , . , (106) 

i.e. ths “ clctssical " partial vibration (tj . . . t/) con’Mponds t 
that quantum transition, in which the quantum numbers alter 
bij exactly . . . t/. ^ The polarisation and intensity of the 
wave emitted during this qtiankm transition may be oaloulated 
from the form of vibration and amplitude of the " ooiresponding 
classical ” partial oscillation. This principle which has been 
derived for high quantum numbers is extrapolated by Bohr 
with grea,t boldness over the region of all quantum numbers. 
Thus the important “ principle of correspondence ” is obtained. 
If in the development of the electronic motion in terms of 
partial vibrations the term (r^, Tg . . , ?/) is missing, then 
the corresponding transition 

~ Wg - % Tg . . nif - Uf - f/ 
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is not present. Hence there follows, for example, for atoms 
of the hydrogen type in a field free from force, the law that 
the azimuthal quantum number can in all emissions only change 
by + 1 or ~ 1, both of which lead to circularly polarised 
radiation. This law is somewhat more limited in form than 
that of Mubinowicz. 

Both the principles of selection and the rules for the 
polarisation and the intensity have stood the test of compari^ 
son with experiment. Rubinoivicz himself showed that his 
principle of selection and the rule of polarisation are in agree- 
ment with Paschen's measurements of the fine-structure of 
the helium lines, and further with the observations of the 
Stark effect and the normal Zeeman effect. P. 8. PJpstein^ 
and H. A. Kramers^ went still further, and were able to 
prove by profound investigations, based on Bohr's Theory, that 
the calculations of intensity along the lines sketched above 
were also in surprising agreement with observation. Einally, 
Sommerfeld and Kossel^^ in an interesting study have applied 
the Rubinowicz principle of selection to spectra differing from 
the hydrogen type as well, and have shown that it is able to 
explain why certain series appear more readily and are more 
favoured than others, as it were, and that, by the selection of 
the “possible ’’ transitions, it sets a limit to the multiplicity 
of possible combinations in a manner which, so it appears, 
entirely agrees with experience. 

§ 10. Collision of Electrons on the Basis of the Bohr Atom 

While in this way, through the interpretation and unravell- 
ing of the universe and the almost bewildering abundance of 
spectroscopic observations, the conviction of the correctness 
of Bohr s atomic model deepened more and more, a series of 
observations of quite another kind became known and contri- 
buted considerably to the consolidation of Bohr's Theory. 
These were the investigations already mentioned earlier in 
connexion with the light-quantum hypothesis, which dealt 
with the collision of free electrons with gas molecules and 
atoms. These researches were conducted particularly by 
J. Franck and G. Hertz 2“ and, in succession, by a considerable 
number of American investigators in a systematic manner. 
The manifold results of these interesting researches may be 
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skstcHod her 6 scliGniaticailly by & simpls 0 XEi<nipl 6 . "Whflit 
have we to expect when electrons collide with a Bohf Atom ? 
As a simple type of JBoJw atom, let us choose a model in which 
^ electrons revolve around a 5 ;-fold positively charged nucleus 
in stationary quantum paths. The nature and spatial arrange- 
ment of these paths, as well as the distribution of the electrons 
among the individual paths will be left open, and wo shall 



Fm. 10. 


make only the simplifying assumption that one ekotTonr-~\ilm 
so-called valency electron — revolves atom m the outermost 
orbit (1) (see Fig, 10). Let this be the “ normal," unexcited 
state of the atom. The hydrogen atom (z ^ 1) is, as we know, 
constituted in this way, and, of the neutral complicated atoms, 
the atoms of the vapours of the alkali metals (Li, Na, K, lib, 
Os) very probably also fall under this scheme. If by any 
addition of energy the electron is “ raised ’’ Imm its normal 
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orbit (1) to a higher orbit (that is, one having more energy), 
say into the orbit (2), (3), (4) and so forth, and if it “falls” 
from these back into orbit (1), then the 1, 2, 3 . . . line of the 
so-called “Absorption-series of the unexcited atom” (principal 
series) is emitted. The frequencies of the lines emitted are 
regulated by Bohr's frequency condition (92), i.e. that the loss 
of energy Wn - W-^ incurred in passing from the n\ih. to the 
first orbit is equal to a quantum hvn,i of *^6 line emitted : 


Wn~W^ = hvn,T_ • • • . (106) 

The additional energy required to “raise ” the electron to the 
higher energy level can be obtained in two ways : firstly by 
absorption of external radiation ; secondly (and that is the case 
we are dealing with here) by electronic impact. If external 
radiation of frequency falls upon the atom, a quantum 
biVn,i of Ifils radiation is absorbed and is used to raise the 
electron from the energy level TYj to the higher level Wu 
= TUi + hvn,i. falling from this to the original level, the 
electron then emits the light corresponding to the line absorbed. 
The circumstance is further noteworthy, that the electron, 
when it is raised to the level (2), has no other choice than to 
return to the initial level, whereas from orbit (4) it can make 
one of three possible transitions— to (3), (2), and (1). If, 
therefore, the atom has absorbed light corresponding to the 
line from the external radiation, it will re-emit this line 
with its full cornplement of energy. The first line of the 
absorption series is, therefore, in contrast with all other lines, 
a so-called resonance line. ’ 


R the energy required to raise the electron is furnished by 
the impact of an outside electron, then— as Franch and Hertz 
were the first to prove— the intruding foreign electron will be 
reflected from the atom perfectly elastically (according to the 
mechanical laws of elastic impact), as long as its energy 
remains below a certain critical value Fji. If this energy 
value IS reached, the impinging electron loses all its ener^, 
and ^ves it up to the electron of the atom which has been 
struck (“melastic impact ”). What does this mean according 
to BoJ^s view of the atom ? Obviously Fj, is nothing other 
than lEg W^, that is, the energy which is necessary to raise 
the electron from its normal state in the atom to the orbit (2). 
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The result of this electronic impact, which adds energy of 
amount Er to the atom must therefore be the emission of 
the resonance line. If this view represents the kernel of the 
matter, then the energy Er must be connected with the 
frequency of the resonance line by the quantum relation 

Eii==hv^,^ .... (107) 

This relationship has been excellently verified by experiment. 
Thus Tate and Foote , for example, find in the case of 
sodium, that the first inelastic electronic impact takes place 
when the impinging electron is accelerated by a potential 
of Vr = 2'2 volts, the so-called resonance potential. The 
energy communicated by this potential to the impinging 
electron is 


Er 


eFii 

300 


4‘774.10-i» X 2*12 
“Tx 102 


3-37 . 10“i2 


On the other hand, the resonance line that is under con- 
sideration here is the L)-line, hence 


c _ 6’546. 10-27.3. 1010 
Ag,! " 5-893 - 10- 


8 - 38 . 10-12 


We thus see that the relation (107) is fulfilled with great 
accuracy. The same holds for potassium (F/^ 1-65 volts, 

^'.Ejr =. 2-47 . 10-12, Aai = 7-686 • 10-^ « 2-66 • 10-i2). 
In the case of the inert gases (helium, neon, etc.) and the 
vapours of mercury, zinc and cadmium, similar qualitative and 
quantitative relations — with some modifications — occur. The 
excitation, by electronic impact, of the mercury resonance line 
A = 2-636 .10-®, that is 2-630.4, discovered by Franok and 
Hertz, and already referred to, presents a characteristic 
example. The observed resonance potential is here 4-9 volts, 
while from the relation 

Fi - - mu 

& e * ^ eK^fi 

the value Vr => 4-86 volts is deduced. 

If the energy of the impinging electron is increased beyond 
Er, then an “ inelastic ” impact, accompanied by complete 
loss of the energy, is to be expected every time as soon as E 
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has become equal to ~ TTi (w = 3, 4, 5 . . .). By these 
various additions of energy the electron attached to the atom 
is raised successively to the 3rd, 4th, 6th .. . level of energy. 
If, finally, JEJ = == — Wp then the energy of the 

impinging electron is just sufficient to remove the electron 
attached to the atom to infinity, i.e. to ionise the atom. JSJqq 
is thus the ionisation energy, and the voltage corresponding 

300jE7 * ° 

to it, Fqo = ■ , is called the ionisation 'potential. From 

the relation (106) we get immediately the important equation 

-®oo = ^ - . . . (108) 

That is to say, the ionisation energy is equal to the quantum 
which corresponds to the last line of the absorption series, that is, 
to the “ series limit.” This quantum relation has also been 
excellently confirmed in all cases. For sodium, for example, 
Tate and Foote found : Fqq = 6T3 volts, which gives an 
ionisation energy of the value = 8-17 • 10 - 12 . On tKe 
other hand, the limit of the principal series has the wave- 
length Xqq j = 2'413 • 10"®, from which hv^^ ^ — 8T4 • 10 “^ 2 ^ 
in striking agreement with the value of . 

For mercury vapour, the limit in question of the principal 
series Aqq = 1T88 • 10 ' ®. From this follows, according to 
(108 ), Fqq = 10‘4 volts while the measurements of various 
workers gave the value 10*2 to 10-3 volts {Tate, Bergen, 
Davis and Goucher ; Hughes and Dixon; Bishop^). From 
all these examples, which could be considerably multiplied, 
the conclusion may be drawn with convincing clearness that 
the Bohr conceptions have laid bare the nature of the con- 
struction and the mode of action of the atom with un- 
precedented lucidity. 

§ n. Einstein s Deduction of Planck’s Law of Radiation on the 
Basis of the Bohr Atom 

Under these circumstances the suggestion naturally arises to 
refound the law of black-body radiation by taking as the ele- 
mentary absorbing and emitting structure Bohfs model in 
place of the linear oscillator used by Planck. Einstein has 
taken this step. In a higlfiy important study he investigated 
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the equilibrium of energy and momentum between black-body 
radiation and a generalised Bohr model, which, stripped of all 
special properties, has only to fulfil the quantum condition of 
being able to assume a discrete series of different states. For 
the interaction between the radiation and the atom — absorption 
{Einstrahlung) and emission (Amstrahkmg ) — Einstein intro- 
duces the following simple hypotheses : the frequency of the 
emissions, i.e. the transitions, accompanied by loss of energy, 
of the atom from a condition (2) of higher energy, to 
a condition (.1) of lower energy, shall follow the same 
statistical law as that which governs the disintegration of 
radioactive bodies, i.e. the number of transitions 2 -> 1 in the 
time dt, or, as we may say, the number of atoms (2) that “ dis- 
integrate ’’ in this time is proportional to dt • where JVg 
denotes the number of atoms momentarily in the state (2). 

But, according to Einstein, a different law regulates the 
processes called into existence by the effect of external radi- 
ation. Under the influence of external radiation two things 
may happen : either an atom may pass from state (1) to state 
(2) by taking up energy, this is the “proper positive absorp- 
tion.” Or the case may also occur, that, as a result of the 
phase-relation between the field of the external radiation and 
the atom, the atom loses energy through the action of the im- 
pinging radiation, and hence passes from state (2) to state (1) 
(“negative absorption”). The rate at which both kinds of 
transition are repeated is then proportional to the intensity 
Kv of the external radiation : the number of transitions 1 -s- 2 
associated with positive absorption in the time dt is therefore 
proportional to N^dtKu ; the number of transitions 2 «-» 1 as- 
sociated with negative absorption is proportional to 
Here is the number of atoms momentarily in the state (1). 
Ni and are determined by the laws of distribution known 
from the theory of gases and statistical mathematics and en- 
larged in conformity with the quantum theory. There follows 
from the energy equilibrium between in-coming and out-going 
radiation at the temperature T 
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where h. is Boltzmann's constant, and i, is a constant inde- 
pendent of the temperature. From Wien's Displacement Law 
(4) it follows, firstly that A is proportional to v® and secondly 
that is proportional to v. If, therefore, we write 

E^~ E^^hv . . . ( 110 ) 

we recognise in this expression Bohr's frequency condition (92). 
In this way assumes the form of Blanch's Law of Radia- 
tion, arising in a surprisingly simple and elegant manner from 
a minimum of hypotheses of a general character. Einstein, 
in pursuing and deepening these conceptions by writing down 
the expression for the equilibrium of the momenta in addition 
to the energies of the in-coming and out-going radiation, was led 
to the remarkable conclusion that the radiation of Boiw atoms 
cannot take place in spherical waves, as the classical theory 
of electrons requires, but that the process of emission must 
have a particular direction like the shot from a cannon. We 
cannot fail to recognise that this brings the conception that 
radiation has a quantum-like structure (light-quantum hypo- 
thesis) within realisable bounds. 





OHAPTEE VII 

The Quantum Theory of Rontgen Spectra 

§ I. The Analysis of Rontgen Spectra 

P AEALLBL with the development of the science of optical 
spectra, a theory of Eontgen spectra has been developed of 
late years upon the same basis. This theory has already shed 
much light on the structure of atoms and thus forms a 
desirable extension of the theory of optical spectra. The 
investigations of Gh. Barkla, W, IL and W. L. Bragg, Moseley 
and Darwin, Sieghahn and Friman,'^^ among others, have 
shown that by the impact of cathode rays upon the anti- 
cathode of a Eontgen tube two kinds of Eontgen rays arise 
first, the so-called “impact radiation” {Bremsstrahlung) con' 
sisting of an extensive and continuous range of wave-lengths 
(similar to the continuous background of visible spectra) 
secondly, the “ characteristic radiation,” a typical line-spectrum, 
the structure of which depends so essentially on the material 
of the anti-cathode that a glance at this spectrum suffices us 
to deduce immediately and unmistakably the nature of the 
material of which the anti-cathode is composed. Thus along- 
side the optical spectrum analysis of Bunsen and Kirohhoff a 
Eontgen- or X-ray analysis presents itself. It has further 
been shown that the characteristic X-ray spectrum is a 
pv/rely atomic property, and, indeed, an additive one. If we 
examine, for example, the X-ray spectrum, which is emitted 
by an anti-cathode of brass (copper -I- zinc), we find the 
lines of both copper and zinc unaltered and occupying the 
same positions as if only one metal were present in turn. No 
new lines appear. Accordingly we are led to suppose that 
the line-spectrum arises in the atoms of the anti-cathode, and 
is generated there by the impinging electrons of the cathode 
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rays. The further important fact appeared that the lines of 
the characteristic spectrum may he arranged in series, just 
like those of the optical spectrum. Thus we have discovered 
up to the present a short-wave A’-series, a long- wave Jj-series, 
and a still longer-wave Jlf-series, 

The most curious feature of these spectra is their connexion, 
by a definite law, with the atomic number of their element in 
the periodic system. If we plot the position of a certain line 
(say the first line of the Z-series) for the successive 
elements of the periodic system, a perfectly regular progres- 
sive shift is revealed : the line advances with increasing 
atomic number steadily towards the shorter waves. The re- 
gularity of this advance is such that we can recognise gaps or 
false positions of elements in the periodic system immediately 
by an excessive jump. Now, according to the hypothesis, 
already mentioned, of Butherford, v. d. Broek, and Bohr, the 
atomic number of an element is nothing other than the 
number of its nuclear charge, that is, the number of elemen- 
tary positive charges of its nucleus. If to this we add the 
phenomenon just discussed, according to which the steady 
advance of the nuclear charge in the series of the elements is 
reflected in the steady displacement of the X-ray lines, then 
we are forced to the view that the origin of the X-ray syecPra 
must be localised in the immediate neighbourhood of the nucleus, 
that is, in the inmost part of the atom. For in this region the 
nucleus clearly has the greatest power and is least disturbed 
by external electrons, and hence it is here, too, that the growth 
of the nuclear charge will make itself most felt. 

The connexion between the position of the X-ray lines and 
the atomic number z was first formulated by G. Moseley. 

He found for the frequency of Z“ (first line of the Z-series) 
and La (first line of the Z-series) the empirical relation 

- i) 1 

- . . (Ill) 

where N is the Bydberg number. > . 

. The similarity of these relations, which ' are only approxi- 
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mately valid, with Bohr's formula (93) for the series of the “ 
hydrogen type is so striking, that it was an obvious step to 
seek to find the explanation of the Rontgen series by arguing 
on the basis of BoWs model. 

This problem was attacked chiefly by W. Kossd,^^ A. 
Sormi&rfeU,^^ L. Vegard,^'^^ P. Debye, J. Kroo,^^ and A. 
Smehal.^^ And thus, in addition to the theory of the optical 
spectra which take their origin at the periphery of the atom, 
a theory of the Rontgen spectra has arisen which leads us 



into the inmost regions of the atom. According to this theory 
we may picture to ourselves, in general terms, the emission 
of the Rontgen spectra as follows : we consider a neutral 
Bohr atom, consisting of a ;g-fold nucleus, around which 
z electrons revolve. These z electrons may be arranged in 
different rings. The innermost, single-quantum ring, the so- 
called Z'-ring, carries, let us say, pi electrons in its normal 
state ; let the second ring, the JD-ring, be a two-quantum ring 
occupied by^g electrons, the third, three-quantum, the Af-ring 
withjpg electrons, and so on (Fig. 11). The question whether 
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we can reach our goal with this conception of the ring by 
assuming the quantum numbers to increase as we go outwards, 
and whether we are to take the rings as co-planar or inclined 
to one another will be left open. The preparation for the 
emission of the X-series consists in this, that by the addition 
of energy — whether by absorption of external radiation or by 
electronic impact — an electron of the Y-ring is removed to in- 
finity, that is, the atom is, so to speak, ionised “ inside,” i.e. 
in the Z-ring. If the energy of the atom before this inner 
ionisation = Wq, and after the ionisation == Wk, then the 
amount W^: - Wo energy must be provided. Hence every 
radiation, the energy quantum of which satisfies the condition 
Jiv ^ Wg: - Wq, can on being absorbed effect the tearing of the 
electron out of the Z’-ring. If we allow the v of the external 
radiation to grow slowly from small values, then, at the point 

?, a sudden increase of the absorption occurs, 

because from this point onwards the external radiant energy 
is used for the “ionisation of the Z-ring.” Thus an ahsorp- 
tion-band extends from v = towards higher frequencies, the 
edge of the band lying at v^. This phenomenon of the “ edge 
of the absorption-band ” has already been interpreted above 
in the sense of the hypothesis of light-quanta. If the addition 
of energy is provided by the impact of a strange electron, 
coming from without, then its energy must be Z > Wk ~ Wq, 
that is, B ^ hvj^, a relation, which we have already deduced 
earlier from the standpoint of the quantum hypothesis of light. 

By ionisation of the Z-ring the atom is now prepared for 
Z-emission. If now an electron falls from the 2-quantum 
L-ring into the 1-quantum Z-ring, filling up, so to speak, the 
gap produced there; then the first line of the Z-series, Za, 
will be emitted. If on the other hand the gap in the Z-ring 
is filled by an electron of the 3-quantum ikf-ring, or the 
4-quantum Z-ring, Z^ or Zy result respectively. The position 
is quite analogous as regards the L- and ilf-series. If, by the 
ad^tion of energy (absorption or electron-impact), an electron 
of the Z-ring is battered off, that is if the Z-ring is ionised, 
then the atom is prepared for the emission of the Z-series. 
If, now, the gap in the 2-quantum L-ring is filled by an 
electron of the 3-quantum iff-ring, the first line of the Z-serie^ 
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La., results ; if it is filled by an electron of the JY-ring, the 
second line of the Ij-series, Ly, results (the notation is not 
quite consistent but will serve the present purpose), and so 
forth. 

The converse phenomenon to line emission, viz. line absorp- 
tion, with which we are acquainted in visible spectra, appears 
at first sight to be missing here. That is, however, as W. 
Kossel^^^ recently showed, an error. It is true that the ejected 
electron of the Jf-ring, for example, cannot in general be 
caught upon the L-, or N-ring, because all places on them 
are already occupied. An absorption of the lines Kp, Ky, 
is therefore in this case impossible. But the electron of the 
Jf-ring can certainly come to rest on an unocmpied quantum 
orbit outside the occupied rings, that is, outside the surface 
of the atom. In this process a “line” is actually absorbed, 
namely, that line of which the hv is equal to the energy- 
difference between the JiT-ring and the final orbit of the ejected 
electron. This refinement of our considerations shows, then, 
that the electron from the JT-ring does not need to be raised 
immediately to infinity, but that line absorptions may occur 
before the edge of the band of absorption is reached. 

§ 2. The Fine-structure of RSntgen Lines 

It is particularly noteworthy that Scmmerfeld succeeded 
also in the field of X-ray spectra in explaining the fine- 
structure of the lines by calling in the aid of the theory of 
relativity. Thus, for example, the 2-quantum L-orbit is 
“double”; it can occur as a circle {n' = 0, w = 2) or as an 
ellipse 2®® {n' « 1, w »« 1). Hence the line which is emitted 
by the electron of which the JG-ring is the initial orbit, namely, 
Ka, is a doublet {Kg. and Ka‘)‘ In just the same way, those 
lines for which the L-orbit is the final orbit of the electron 
are doublets, namely, the line L^ (more exactly La') to which 
Lp' is added to make a doublet; further, Ly which forms 
a doublet with Ls, and so forth. The distance between the 
components of the doublets (expressed in frequencies) comes 
out, according to Somnmfeld’s Theory, as approximately pro- 
portional to the fourth power of the atomic number z. Hence 
here, in the X-ray region, where we are dealing for the most 
part with elements having fairly high atomic numbers, the 
8 
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doublets appear naacroscopically enlarged as compared -with 
the microscopic hydrogen-doublet {z = 1 ). During the emis- 
sion of X-rays the electron approaches very near to the 
highly-charged nucleus, and hence the relativistic effects of 
the resolution of the lines are much greater than in the case 
of the optical spectra, in which the electron is moving at the 
surface of the atom, where it is almost entirely screened from 
the action of the strong nucleus by the remaining electrons. 
With the help of the following relation deduced theoretically 
and adapted to experimental evidence, 

■L-doublet ^ _ 3.0^ . . (112) 

. H-doublet ^ ^ ^ 

Sommerfeld was able to calculate the hydrogen-doublet from 
the observed Z/-doublets, and compare it with the results of 
experiment. The agreement is very satisfactory. 

§ 3. The Distribution of Electrons among the Rings. Objections 
to the Ring-arrangement of Electrons 

The quantitative calculation of the simplest case, namely, 
the emission of led D^hys to the conclusion that the 
jS^-ring in the normal state consists of three electrons. To 
this Kroo, by elaborating the calculation, adds the con- 
clusion that the i-ring contains in its normal state nine 
electrons. With these two distribution numbers, = 3 , 
P2 = 9, the position of Ka could be represented as a function 
of the atomic number z for all elements. The emission of Ka 
takes place according to the following obvious scheme : 
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The two distribution numbers {Besetzimgszahlen) thus found 
for the two innermost rings excite our attention. For on 
the basis of the Periodic System vuth its periods of eight 
we ought to expect, according to Kossd, the numbers 2 and 8. 
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The strange occurrence of the numbers 3 and 9 becomes 
an objection, when we consider the case of sodium {z = 11). 
Here, according to Kossel, we should expect the numbers 2, 
8, 1, since in all probability an electron (the valency electron) 
revolves alone, as in the case of all alkali metals, around the 
outside quantum orbit {M-xing). In any case it is impossible 
that the two innermost rings together should, in the normal 
state, contain 12 (== 3 + 9) electrons. If we attempt to go 
a step further still on the basis of Kroo's numbers 3 and 9, 
and to set up a formula which represents for all z’s the 
position of La in conformity with observation, and thereby 
to determine the number of electrons j'/g on the Jlf-ring, we 
find, as A, Smhal^ showed, that this mode of representation 
is impossible with any combination 3, 9, jpg. Nor do we fare 
better if we incline the various rings to one another, and take 
their interaction into account. The suspicion is forced upon 
us, that perhaps the whole conception of the arrangement 
into plane rings does not correspond with fact, but that, rather, 
the electrons in the atom form spatially symmetrical figures. 
This suspicion is very much strengthened by a series of pro- 
found investigations carried out by M, Born and A. Landd.^^ 
Following on M, Born’s investigations of the dynamics of 
the crystal-lattice, which we discussed in detail earlier in 
connection with the atomic heat of solids, the two in- 
vestigators asked themselves the question, whether it is 
possible to build up the cubic crystal-lattice of the alkaline 
halides (NaOl, NaBr, Nal; KOI, KBr, KI, etc.) from ions of 
Bohr atoms, by taking into account only the mutual electro- 
static forces; and whether this method, if possible, would 
enable them to prophesy the crystal properties (lattice-con- 
stant, compressibility) from the atomic models of the two 
constituent ions. The answer to this question has been, on 
the whole, in the affirmative. But when the calculation of 
the compressibility of these crystals was carried out, the 
remarkable result manifested itself that crystals are found to 
be too soft, that is, insufficiently rigid, if the conception of the 
ring-arrangement of electrons in the atom is maintained. On 
the other hand, we get good agreement with the observations 
if, following Born, we introduce the hypothesis that the 
electrons are arranged spatially, A complex of eight electrons, 
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as occurs in sodium, potassium, etc., does not therefore occupy 
a plane 8-ring ; the eight electrons describe paths of cubical 
symmetry. Into the stOl obscure region of these “ spatial ” 
electron paths, A. Lands has made some successful in- 
cursions. 

From all that has been said it would appear to be certain 
that in dealing with Bontgen spectra, too, we can no longer be 
content with the arrangement of the electron rings in planes, 
and that the whole quantitative theory of the Eontgen series, 
including Sommerfeld' s fine-structure of the K- and the L- 
doublets, must be built up on a fresh foundation. 



CHAPTEB Viri 



Phenomena of Molecular Models 

§ I. Dispersion and Magneto-rotation of the Hg Molecule 

W HILE the X-ray spectra and the spectra of the optical 
series arise from the atoms of the elements (and hence 
their theory links up with the atomic models), there is a series 
of phenomena which, in the case of polyatomic substances, 
are peculiar to the molecules, and the theory of which, 
therefore, is founded on the molecular models. Chief among 
these are the normal dispersion, the rotation of the plane of 
polarisation in the magnetic field (magneto-rotation), and, 
further, the great and complicated subject of band-spectra. 
Up till a few years ago, dispersion and magneto-rotation had 
been exclusively treated from the standpoint of the Thomson 
model, that is, with the help of quasi-elastically bound 
electrons, and this exidanation had served in turn as a 
powerful support for this model. Nevertheless, discrepancies 
in these theories had long been known. For example, 
measurements calculated upon the basis of the dispersion 
theories of Drude, Voigt, or Planch led to values for the ratio 

of the charge to the mass of the electron which, in com- 
parison with the direct measurements of this quantity (based 
upon the deflection of the cathode- or ^-rays in the electric 
and magnetic fields) which were much too small. When, 
however, the Thomson model became displaced by the 
Eutherford-Bdhr model, and the successes of the Bohr atomic 
model increased at an undreamed-of rate, the question arose 
whether an unobjectionable theory of dispersion and magneto- 
rotation could not be founded upon these new views. The 
difficult position, into which we are brought by this problem, 
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arises from the fact that we do not actually know a single 
instance of the exact manner in which a polyatomic Bohr 
molecule is built up from its nuclei and electrons. The 
exact knowledge of this structure and the motion of all the 
electrons is absolutely necessary, if we desire to know how 
the molecule reacts upon external waves (dispersion). It is 
true that W. Kossel 303 has, in a detailed study already 
referred to above, pointed out the general guiding lines along 
which, from the chemical point of view, the building-up of 
the molecule from atoms must be carried out, but the details 
of this construction remain open. Only in a few of the 
simplest cases have detailed molecular pictures been con- 
structed and closely tested. Thus Bohr, as we remarked in 
discussing the atomic heat of gases, has already proposed a 
model of the diatomic hydrogen molecule. It has the follow- 
ing construction (see Eig. 8) : two singly-positive nuclei (that 
is, each consisting of only a single positive charge) are 
separated by the distance 2b. In the vertical plane which 
bisects the line joining the nuclei, two electrons rotate, 
diametrally opposite one another, on a circle of diameter 2a. 
The equilibrium of the Coulomb and the centrifugal forces 
requires that a = b^B. By means of this relation, and by the 
quantum condition that each electron must have the moment 
h 

of momentum — , the model is completely determined in all 

its dimensions and speeds. It was this model which was 
the first to be proposed: it was examined by P. Debye ^ 
with reference to its dispersion. Qn account of its sym- 
metrical structure the molecule possesses no electrical mo- 
ment in its normal state. If, on the other hand, it is struck 
by an external light wave, the motion of its electrons is 
periodically disturbed ; they depart from the normal quantum 
path, fall into forced vibra,tion, and thus generate an electric 
moment which changes periodically in step with the external 
wave. Thus the original motion of the primary wave is 
changed, and dispersion results. We may conceive this as 
follows : Let c be the velocity of the primary wave in vac'iio. 
The oscillations of the electrons generate a secondary wave 
which spreads out from the molecules. All these secondary 
waves combine with the primary wave to a form new wave 
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moves with the altered velocity g, the value of which 
^ds on the frequency of the primary wave. But just 
L tb.e phenomenon of dispersion. The electronic vibra- 
-wLich occur here are not oscillations about positions of 
Tbrixxin> as in the case of the quasi-elastic model, but 
actions about stationary paths. Moreover, here, the force 
the electrons, as opposed to the usual classical 
ies of dispersion, is anisotropic (that is, the electron is 
bv d-ifferent forces in different directions) ; above all, by 
^ anisotropy, it was possible to explain away the 

reement in the value of lohich had previoitsly been 

: to he too small ; and DeMje succeeded, on the basis of 

.rirmal valuo of — , in deducing from the theory the 

v-ed dispersion curve of hydrogen, that is, the curve 
% sb-ows how its coefficient of refraction depends on the 
-length. It should be noted that in the formula for the 
oient of refraction, no single constant is arbitrary, but 
ihe dispersion formula is made up entirely of universal 
Etnfcs- 

ing the same method (calculus of disturbances), P. 

308 has calculated the rotation of the plane of 
isation which linearly polarised light undergoes in its 
ge thirough hydrogen under the induenoe of a magnetic 
ECis efforts were equally successful. 

s. Objections to Bohr’s Model of the Hydrogen Molecule 

spite of the successes which the Bohr model of the 
>geii molecule has won, a list of weighty objections to 
s accumulated in the course of time. That the oon- 
jion which the rotation (more accurately, the regular 
>ssioxi) of this molecule makes to the molecular heat at 
emperatures, does not correspond with the observations 
zicken, has been shown by P. S. Bpstein, as we have 
dy mentioned. Also at high temperatures, when the 
ations of the two nuclei relatively to one another oon- 
be to the molecular heat, no agreement between theory 
►"bseirvation has been found in the case of the Bohr model, 
. 806 recently showed. 


ri 
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Further, the model must possess, in consequence of the 
revolving electrons, an almost fixed magnetic moment parallel 
to theWis of the nucleus, that is to say, it must be equivalent 
to a molecular elementary magnet, which endeavours to set 
itself, in an external magnetic field, parallel to the lines 
of force. Hydrogen ought, therefore, to be paramagnetic, 
whereas it is diamagnetic. 

Another very important objection, to which Nernst in 
particular drew attention, is the following: if we calculate 
the work which is necessary to separate the molecule into 
its two atoms, the so-called heat of d/issooiation, we get 307 the 
value, 61,000 calories. On the other hand, Langmuir sos found 
84,000 cals., Isnardi^ 95,000 cals., J. Franck, P. Enipping 
and Thea Kruger 81,000 (± 5700) cals. In any case, the 
calculated heat of dissociation comes out 25 per cent, too 

small.oioa 

Finally, W. Lenz on has recently increased the objections 
to the hydrogen model by an important one based on a 
theory of band-spectra, which we shall discuss below. He 
proved that the band-lines of hydrogen and nitrogen can 
exhibit the observed Zeeman effect, only if these molecules 
possess no moment of momentum around the nuclear axis. 
The fact that the two electrons in Bohr's molecular model 
revolve in the same sense, however, endows it with just such 
a moment of momentum. On the whole, the Bohr model does 
not seem to correspond to reality ; the arrangement of the two 
nuclei and electrons must plainly be quite different. No 
satisfactory model, however, has yet been found. 

§3. Models of Higher Molecules 

Matters are no better in the case of models of the more 
complicated molecules. It is true that Sommerfeld and 
F. Bauer have also worked out the theories of dispersion 
and magneto-rotation in the case of the more general Bohr 
models (Nj and Og) which are constaucted on the lines of the 
hydrogen model. According to Sommerfeld, four electrons 
revolve about the line joining the two nuclei in the case of 
oxygen, each of which acts with an effective charge + 2e', in 
the case of nitrogen, a ring of six electrons rotates about the 
nuelsar axis, while the nuclei carry triple effective .charges. 
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Sormierfeld was able to obtain agreement with observation only 
by setting up for each electron of a valency ring of 2s-eleotrons 
i the unaccountably strange quantum condition: moment of 

! ^ _ 

I momentum = undoubtedly a most unsatisfactory 

li result. Gerda obtained better results with some- 

what different models, which she chose in such a way that 
the specific heat of the two gases at high temperatures agreed 
I with the observations of According to her ideas, the 

j nitrogen molecule must consist of two seven-fold positive nuclei, 
each of which is closely surrounded by a 1-quantum ring of 
two (or three) electrons. The “valency ring” in the central 
vertical plane is 2-quantum and contains ten (or eight) 
electrons. Analogously, the oxygen molecule consists of two 
eight-fold positive nuclei, each encircled by a 1-quantum ring 
I of two (or three) electrons, whereas the 2-quantum valency 
I ring contains twelve (or ten) electrons. The same objections 
apply to some extent to these models of Sommerfeld and LasM 
as to the hydrogen model. For example, they give no account 
of why oxygen should be paramagnetic, and nitrogen, on the 
other hand, diamagnetic. Moreover, the above-mentioned 
objection of Lenz applies in full force to these models ; for 
i they all possess moments of momentum around the nuclear 
I axis. In conclusion, we feel bound to admit that the exact 
! constitution of even the simplest models is at present unknown 
I to us. 

I § 4. The Quantum Theory of Band-spectra 

’ To conclude this chapter, we shall turn our attention to the 

I band-speotra, and collect together shortly what the quantum 

I theory has been able to assert about them up to the present 

*! time, That they belong to molecules and compounds may 

!; nowadays be regarded as certain. The first attempt to con- 

|i ^ struct a logical quantum theory of band-speotra was under- 
i taken by K. BohwarzscUld^'^^ who clearly recognised the 

II importance of the rotation of the molecule in the production 

( of these spectra. His conceptions may be defined as follows ; 
a system of electrons revolves at a definite quantum distance 
around a molecule which itself rotates according to quantum 
I conditions, the assumption being made for the sake of 


iHamiiww 


m\ 


B 

b|| 


If, now, the system passos from one quantem state having 
the ebotronio energy is?,, and the rotational quantum number 
n into another quantum state having the ebotronio energy J?'o 
and the rotational quantum number n\ then it follows from 
Bohr's frequency formula (02) that the frequency of the line 
radiated is given by 


""'’11 tt , (fh” fv j/*t 

If we keep all the quantum numbers whioh ooour here, except- 
ing n, constant, and allow n to vary, then wa get a series of 


by D$8landr&a,^^'i and whioh is approximately true for the lines 
of many bands. 

'EoMomng Sohwarmhild, T, iTewf «« and F. 
in particular, have further developed and refined the quantum 
theory of band-spectra. For example, Lsm has pictured the 
molecule as a symmetrical top having two moments of inertia 
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which is obeyed, according to Heurlinger, in the case of the 
so-called “cyanogen" lines of nitrogen, for example. In 
addition to the lines given by (116), Lmz's Theory requires the 
occurrence of the series given by the formula 

V = (a + I) + • . . (117) 

for the case that the molecide really ^possesses a finite moment 
of momentum about its axis of figure. A series which follows 
this law does not, however, exist in the cyanogen bands, ac- 
cording to Heurlinger, Lenz deduces from this the conclusion 
already mentioned, that the nitrogen model does not possess 
a rotational rigidity about its axis. By calculating the 
Zeeman effects of the band lines, and comparing them with 
observation, Lenz was able to confirm this, and to extend it to 
the hydrogen molecule. 

The infra-red Bjerrum absorption bands of the diatomic and 
polyatomic gas compounds, which we had discussed at length 
in Chapter V, belong to the general type of band-spectra. If 
we are to deduce them from a theory consistently founded on 
quanta — and not, as we did earlier, half according to the 
quantum, half according to the classical theory — we must 
follow closely the course pursued above, with the difference 
that, in place of the energy of the electronic system there will 
appear the energy of the atoms, ^ with which the rotational 
energy of the molecule is combined, as a first approximation, 
additively. The logical carrying out of this calculation (in 
which Bohr's frequency formula and the principle of corre- 
spondence are applied), which was undertaken by Heurlinger ^21 
and the author , 222 gives for the structure of the “fluted" ab- 
sorption bands an arrangement of lines which at first sight 
does nob appear to agree with the beautiful and exact measure- 
ments of Imes.?2§ The theory gives for the position of the 
absorption lines a formula 

V =» vq ± {n + •^) ^ => 1, 2, 3 . . .) (118) 

and therefore requires that all neighbouring lines be equi- 
distant, including the two in the middle (ti »» 0). On the other 
hand, Imes* observations show with indubitable clearness that 
the interval between the two middle lines is twice as great as 
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the infeerval between all neighbouring lines. This apparent 
contradiction is explained, as A. Kratzer^^ recently showed, 
in a surprising fashion, if we take into account the intensity 
of the absorption lines according to Bohr’s Principle of Analogy. 
Eor it then appears that the first absorption line to the right 
of the middle VQ-line, namely, the line 

h 

~ ^0 + 8^ 

(which is derived from formula (118) by setting « = 0 and 
using the positive sign for the second term) is of vanishingly 
small intensity. This line is generated when the molecule 
passes over from an initial rotationless and vibrationless state 
into the final state in which the two ions oscillate relatively 
to one another with one quantum, and in which, at the same 
time, the molecule rotates as a whole with one quantum. The 
rotationless and vibrationless state has, however, a vanishingly 
small probability ; the number of transitions from this initial 
state per second, and therefore the intensity of the correspond- 
ing absorption line, is hence vanishingly small. By the dis- 
appearance of the first line to the right of the middle position 
vq, the structure of the lines as observed by Imes is actually 
reproduced, as one may easily recognise ; in the formula, the 
“ middle” of the line structure is displaced from the point vq 

to the right by the amount absorption lines group 

themselves equidistantly and symmetrically on both sides of 

the missing “middle," v = vq 4- This state of affairs 

may be expressed by writing, in formal agreement with (83), 

. . nh , ^ ^ ^ 


where 




From the constant interval between neighbouring lines, namely 

.... ( 120 ) 

the moment of inertia of the rotating molecule can be cal- 
culated with great accuracy. 


CHAPTEB IX 


The Future 

I N the preceding pages the anther has attempted to give 
in broad outline the most important features of the 
doctrine of quanta, its origin, its development, and its 
ramifications. If we now survey the whole structure, as 
it stands before us, from its foundations to the highest story, 
we cannot avoid a feeling of admiration ; admiration for the 
few who clear-sightedly recognised the necessity for the new 
doctrine and fought against tradition, thus laying the founda- 
tions for the astonishing successes which have sprung from 
the quantum theory in so short a time. 

None the less, no one who studies the quantum theory 
will be spared bitter disappointment. For we must admit 
that, in spite of a comprehensive formulation of quantum 
rules, we have not come one step nearer to understanding 
the heart of the matter. That there are discrete mechanical 
and electrical systems, characterised by quantum conditions 
and marked out from the infinite continuity of “ classically” 
possible states, appears certain. But where does the deeper 
cause lie, which brings about this discontinuity in nature ? 
Will a knowledge of the nature of electricity and of the con- 
stitution of the electromagnetic field serve to read the riddle ? 
And even if we do not set ourselves so distant a goal, there 
remains an abundance of unanswered questions. The 
decision has not yet been made, as to whether, as Planch's 
first theory requires, only quantum-allowed states exist (or 
are stable), or whether, according to Planch's second formula- 
tion, the intermediate states are also possible. We are still 
completely in the dark about the details of the absorption 
and emission process, and do not in the least understand 

126 
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why the energy qnanta ejected explosively as radiation 
should form themselves into the trains of waves which we 
observe far away from the atom. Is radiation really pro- 
pagated in the manner claimed by the classical theory, or 
has it also a quantum character ? 

Over aU these problems there hovers at the present time 
a mysterious obscurity. In spite of the enormous empirical 
and theoretical material which lies before us, the flame of 
thought which shall illumine the obscurity is still wanting. 
Let us hope that the day is not far distant when the mighty 
labours of our generation will be brought to a successful 
conclusion. 
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1w the true 

,tion by a purely formal alteration of Man’s formula, which 
bher explained. Of. also Ann. d. Phys. 4, 668 (19011 • 4 664 
18 (1901) ; 9, 029 (1902). ' ^ 

oscillators bo present. Let tho total energy to be divided 

Sr phase of the oscillator- 

probability of which is to be oaloulatod, is then defined by the 
7 oscillators possess tho energy Ujy. Wo divide Ujf into P 
.ents «, so that 

l/pf tsa Af , (T' «» Pe, 

r of possible ways of distributing P balls among N boxes is, 
W- i)\p\’ 

efore the probability of the state, which oorresponds to the 
of P energy elements among N oscillators. P. Ehrmfest and 

deduction of this formula in 

s. 46, 1021 (1916). 

mentioned in the text, which is due to BoUnmarm, states 
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hat the entropy 8n of the oscillator system is oofineoted with the prob- 
ability Why the fundamental relation 

Sn= /c log W 

where & is a constant. 

In this theorem of Boltzmann the following law of the growth of en- 
tropy (second law of thermodynamics) is contained : if a system passes 
from an improbable condition into a more probable one, then by this 
transition W, and therefore the entropy S, increases. If we here insert the 
value of W, and, since N and P are very large numbers, use Stirling's 
approximation formula 

loge (N\) =N(loge N-1) 

then, if we set for P, N ~, we get by an easy calculation 

Si, - w{(i + 1) log (i + f ) - 2iog 

and hence the entropy 8 of one oscillator becomes ; 

But according to the Second Law (see note 20) 

^ _ 1 
dU-T‘ 

If we carry out the differentiation on the left-hand side, and solve the re- 
sulting relation between Z7, T, and e, with respect to U, we get the ex- 
pression (9) of the text. 

24 Of. the paper by Ehrenfest and Kamerlingh-Onnes cited in the 
previous note. 

25 This law is essentially identical with Boltzmann's H- Theorem. Of. 
L. Boltzmann, Vorlesungen iiber Gastheorie Bd. I, p. 38 (1896) ; Sit- 
zungsber. d. Wiener Akad. d. Wiss. (II) 76. 373 (1877). Of. also P. 
Ehrenfest, Phys. Zeitschr. 15 , 657 (1914). 

26 H. Btibens and F. Kurlbaum, Sitzungsber. d. Berl. Akad. d. Wiss. 
1900, p. 929 ; Ann, d. Phys. 4, 649 (1901). 

27 P. Paschen, Ann. d. Phys. 4, 277 (1901). 

28 L. Holbam and 8. Valentiner, Ann. d. Phys. 22, 1 (1907) ; Cdblentz, 
Physical Review, 31i 317 (1910) ; E. Baisch, Ann. d. Phys. 35> 543 (1911) ; 
E. Warburg, O. LeitMuser, E. Hupha md. 0. Milller, Ann. d. Phys. 40, 
609 (1913) ; E. Warburg and O. Milller, Ann. d. Phys. 48, 410 (1916). 

29 W. Nemst and Th. Wulf, Ber. d. deutsoh. phys, Ges. 21, 294 (1919). 
so Lord Rayleigh, Phil. Mag. 49, 639 (1900). 

81 The “ Stefan-Boltzmann constant of total radiation” <t, introduced 
in note 15, has therefore the value 

a as . . 

16c»?t* 


V, 
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32 lu order to determine the constants h and h whioh occur in the 
radiation formula, we can, instead of using the equation : Wx . T = 
const., compare other relations with the measurement of the total 
radiation. For example, we can proceed as follows : At a constant 
temperature T we measure the ratio of the intensity of radiation for two 
different wave-lengths Xj and (isothermal method). Now this ratio 
is, according to (16) 




whore 0 = 

k 


From this relation, since everything excepting C is known, 0, that is, 
^ may he calculated. Another method is the following : we measure for 

a fixed wave-length X the ratio of the intensity of radiation at two 
different temperatures Tj and (isoohromatio method). Then it follows 
that 


This is a relation from which 0, that is, ^ can again be calculated. 

With the help of these methods, the researches, for example, of 
Warbi(/rg and his co-workers cited in note 28 have yielded vajues for 

/\h 

^ proximity to C » I’iSO. This value was taken 

by Nernst and Wulf (see note 29) for their critical investigation. 

For the constant of Wien^s Law of Displacement in the form Xmax . T 
« 6 we would accordingly get from (16) : 


a value smaller, therefore, than that given by direct measurement (see 
nofe 16). Whether Warburg's value, 0 = 1*480, or the measured values 
of 6(> 0*29) or both, are seriously affected by experimental error, or 
whether after all — as Nermt and Wulf maintain— Pto?tc?i:’a formula is 
not right, must be left for the future to decide, 
sajlf. Planch, Ann. d. Phys, 4, 668 (1901). 

81 If we apply BoUsmemn's relation /S «= & log TT (quoted in note 16), 
which connects the entropy 8 with the probability of state W, to one 
gramme-molecule of an ideal gas, then by oalculating the probability of 
a certain state, i.e. a certain distribution of velocities among the 
molecules, wo arrive at the following value for the entropy of the gas 

8 « kN(^ log* U + log F) + const. 
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Cf., for example, M. Planch, Lectures on the Theory of Radiation 
(1906), §143.) Here N is the number of molecules in a gramme- 
molecule {Avogadro's number), U the energy, V the volume of the gas. 
Now, according to the Second Law of Thermodynamics, 

dS = + 

T 


must be a complete differential, where jp and T denote pressure and 
temperature of the gas. Hence the relation 


'?>S\ _ y 
:dv)u T 


must hold. This gives 


V T' 


= ^, i.e. = 


hNT 

V ' 


If we compare this with the equation of state of an ideal gas in thermo- 

mr 

dynamics, jp = we get for the absolute gas constant B the value 


E = hN 


from which formula (19) of the text follows. 

35 Jf, Planch, Ann, d. Phys. 4 , 664-566 (1901). 

36 Compare, for example, the table of the values of Avogadrd’s number 

given in the repoit of J, Perrin at the Solvay Congress in Brussels 
(1911). £A. Euchen, Die Theorie der Strahlung und der Quanten. 

Abhandlungen der Bunsen-Gesellsohaft Nr. 7, Wilh. Knapp, Halle 1914.] 

37 B. A. Millikan, Phil. Mag. (6) 34, 13 (1917). 

38 Ibid., from the values given by Millika/it for the electronic charge 
e = 4*774 X 10"^® (electrostatic units) and from the electrochemical 
constant F = 969*4 . 2*999 . 1010 electrostatic units, there follows for 
Amgad/ro's number the value N = 6*0617 . 1023. 

39 Of., for example, W. Gibbs' Elements of Statistical Mechanics, 
Chapter V. 

40 The term “ mean value ” may be taken as referring to time or to 
space. If we select a definite atom, and follow it a long time upon its 
zig-zag path, and from the mean of the values which its kinetic energy 
assumes in the course of time, we get the “time-mean.” If, on the 
other hand, we select a large number of identical atoms of the gas at a 
particular ii^tant and again form the mean of the values of the kinetic 
eneigiea yvhich these atoms ' possess at the instant in question, we get 
the “ space-mean.” 

41II®fe the elongation of the oscillator (electron) vibrating with the 
,natu»l;^uency. then a; = A sin {Stirvi), where A is the amplitude and 
f tne^thag j the mean kinetic energy becomes 
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The mean potential energy is : 

F= iTO(2irF)W = Jm(27rF^)2 . sin^ (2w«) = lmi2irpA)‘\ 

Hence, as stated, L = F: i.a. the mean kinetic energy = the mean 
potential energy. 

42 J-. H. Jeans, Phil. Mag. 10, 91 (1906). 

43J5r. A. LorenU, Proo. Kon. Alcad. v. Wet., Amsterdam 1908, p. 606. 
— The theory of electrons (Teubner, Leipzig 1909), Oh. II. 

UA. Einstein and L. Hopf, Ann. d. Phys. 33, 1106 (1910). 

48 A. D. Eoliker, Ann. d. Phys. 43, 810 (1914). 

46 M. Planch, Ber. d. Berl. Akad. d. Wiss*, 8 J i^iy 1916, p. 612. 

47 H. A. LorenU. Die Thoorie d. Strahlung u. d. Quanten ; Abhand 
Inngen der Deutschen Bunsen-Gosellschaft, Nr. 7. v. A. Euohm 
Halle, W. Knapp 1914 pp. 10 et seq. 

48 By a suitable modification of classical statistics in the sense of the 
quantum theory, we can obtain the expression (9) for the mean energy 
of an oscillator in the following manner which is worthy of notice. 
Lot a number N of similar oscillators with the most varied values for 
the energy be given. We require to find how great is the probability 
to, that an oscillator possess a certain energy value Z7; or, otherwise 
expressed, how many of the N oscillators possess the energy TJ, In 
order to answer this question, we find it best to take first of all the 
standpoint of Gibbs’ statistical mechanics, that is, of “classical" 
statistics. In ;^lace of the special case in question, namely, that of the 
linear oscillator, let us consider at once quite generally a systern of / 
degrees of freedom, and oharaoterise it by / generalised co-ordinates 

• • • gy and by the corresponding impulses or momenta 5^1 jJa . . . Pf- 

(Plere, the impulse pi is thus defined: form the kinetic energy of 
the system as a function of the generalised velocities qi « the 

pi \ In particular, the linear oscillator (vibrating electron) will 
^ fit'#* ' 

be described by a co-ordinate q, namely, the elongation of the electron, 
and the impulse i) = In general, therefore, 2/ quantities are 

necessary in order to define completely the momentary state of a 
system. Hence we can represent this momentary state by a point 
(“ phase-point”) in the 2/-dimensioual space in which . . . Pf (of the 
“ phase-space ”) are co-ordinates. 

We now consider a number N of similar systems of this kind, 
which are in thermodynamic equilibrium with a very largo reservoir 
at the temperature T. Then the probability that the co-ordinates 
and impulses lie in the small intervals gi - - - 2i + dq^, etc., and 
Pi Pi ■>' dpi,cto., that is, that the “phase-point” of the system lie 
in the element da = dq^dq^^ , . . dqj, dp^dp^ . . . dpf of the phase- 
BpaoB is, according to Oibbs, ^ 

e ^^da 

W =• ss ’ 
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Here E is fehe energy of the system, and h is the constant defined in 
( 19 ).^ The integration in the denominator is to be taken over all 
possible values of the 2/ quantities . . . pf, or, as we may say, over 
all possible “phases,” or over the whole region of the phase-space 
concerned. 

Among the N systems there are then Nto, whose phase-points lie in 
the element dn of the phase-space. This is therefore a “ distribution ” 
of the ^ N systems over the phase-s^ace. This distribution is called 
Canonical ; it represents a generalisation of MaanuelVs familiar law of 
distribution of velocities which may bo deduced from it by special- 
ising it for the case of the gas-atom, that is, by setting / = 3. 

The sum of all probabilities is naturally 1. Indeed, it is at once 
clear that 


■ 2 ,w - 


je'^^da 

r _£ 

J e 


= 1 . 


For the mean value of the energy E we get 


E Bs'^SEiV 


jEe~^^da 

r _Ji 

J 6 


If we apply this equation to the linear oscillator we get 

iJue~^dqdp 

e ^^dydp 

3 


U. 


IIr‘ 


Now 

i.e. 


U: 


,Tl 

2 [dt. 


m 


. ( 27 r>/)a 2 a 


£7= |1 -i- 2TVmg2. 

2 m 


If we introduce the auxiliary variables f and rj, defined by 
/■ f =*' TTvj sj 2 m 

I »? « .Ms-, and hence dydp = —d^dt^ 

v. ^ 2 m 

yf e get 

U ^ 

and, therefore, it suggests itself to us to write 

/€ = sJ^QOB<p 

= jV sin (p ; 

where <;|) is a parametric angle. If we mterpret f and 17 as Cartesian co- 
ordinates of a point in the plane, then ^/ U and </> are the polar co-ordinates 
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of this point. The element of surface d^di) is written in polar co-ordinates 
as we know, thus 

d^dri =* sr^{d>JlJ)d((> = idUd(t> 


hence 


did]} 


-didr, = ^-~dVd,\>. 

TTV 2w 


Hence 


OU ^ (p 

J jue~^i'dUd<t> jue~hlU 


‘irr 


IcT 


J Je~^-^dUdi> je'^^'dU 


(TtaQ ^<^0 


in agreement with (24). This is the standpoint of classical statistics. 

The gimntum statistics of the oscillator may bo immediately deduced 
fmm tin's, if we elaborate the canonical law of distribution 


W =5 


'Vp 


je ’‘’‘‘dqdp 

in a suitable manner 

If we here again introduce dgdp sss .^dUdtf), and integrate with respect 
to <p, we got 




/ 


- O’ 

e^dU 


as the probability that tine energy of the oscillators lies between U and 
U+dU. 

Now the quantum theory demands that the energy U shall assume only 
the discrete values U^, U’a, . • • U'n. The transition may best be 
eftooted by laying down the condition : JS shall only be able to assume the 
values contained in the narrow intervals between Ho and Hq -i- a, Hj and 
Ui ■+■ a, and generally Hn and Un + «• Then dU *=» a, and the integral in 
the denominator changes into a sum. Thus it follows that 


w. 


Wn 


e *2*’ a 


6 M 


. a 

n n 

thus a is eliminated ; if wo now proceed to the limit a «■ 0, w remains 




138 THE QUANTUM THEORY 

unaltered. Hence wn is the canonical distn-ihution function generalised 
for quantum conditions, and hence, among N oscillators, Nwn have an 
energy of the value Un. 

We nov? get for the mean energy 




2^TJne~ M 


Now, according to the first form of the quantum theory, 

Un =: ne — nhv (n s=» 0, 1, 2, 8 . . . 00 ). 

Therefore 

00 , „W« 

e M' 


If we set convonienoe, = ®, then 


Further, 


00 

0 

0 i. - e 

0 

^ 0"* 

* (1-0 “•r 

„~1X 

e 

1 1 - . 

e e 

1 — 0 

’ ft® - 1 ” “ 

- 1 


from which we get 


in agreement with (9) 

The canonical distribution may be still further generalised by tiro intro- 
duction of certain "weight factors," which are intended to express the 
fact that the individual quantum states of the system considered have, 
a priori, difierent probabilities. This happens, for example, if each quantum 
state may be realised in different ways, and if the number of these possi- 
bilities of realisation is different for the different quantum states. Then, 
the different states will have different " weights,” and a " weight factor" 

Jn 

Pn has to be included in the experimental function e "*? so that the can- 
onical distribution function assumes the form 

ir 

Pn 

lOrt -ff- <= 0 , Pn<^ 


Here 0 depends on the temperature ; pn, on the other hand, does not. 
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i9 A. Emstein, Ann. d. Phya. 17, 132 (1906) ; 20, 199 (1906) ; Verhaudl. 
a. deutsoh. phyBikal. Ges. 11, 482 (1909); Borichti Emstem auf dem 
Solvay-Kongresa in Brussels 1911; of. A. Euohen, Die Theone der 
Sbrahlung und der Quanten ; Abhandl. d. deubsoli. Bunsen-Gesells^affc, 
Nr. 7 (Halle, W. Knapp 1914), pp. 330 et seg. Of. also W. W^en, 
Vorlosungen ilber neuere Probleme der tbeorotisoben Pbysik (Teubnei, 
Leipzig and Berlin 1913), 4. Vorlesung. H. A.^ Lorentz, Les tWories 
atatisbiquea on thermodynainique (Teubner, Leipzig and Berlin 1916), 
88 42 et sea. 

80 1. Einstein, Ann. d. Pbys. 17, 182 (1905). 

81 A. Einstein, Phys. Zoitsolir. 10, 186 (1909). 

82 This formula may be deduced as follows : Firstly, from ,^E - E 
the frequently used relation 

"2' „ 2;'2 - ins + {Ef = E'^ - [Ef 

follows In order now to oalculaLo the two quantities ifl'-* (mean of the 
squares’ of the energy) and {Ef (square of the mean energy), wh oli 
are known to differ from each other in general, we “io best to take the 
standpoint of Gi66a’ statistical mechanics (see note 48). According to 
this fee probability that the co-ordinates and impulses lie in the small 
tate’rvals s' . . s ef + ^Si, etc,, p, . . . IPi + #i. etc feat is, that the 

“phase-pofet” lies in the element . . . dqfd2)idp^ . . . dpj = dn. 

of the “ phase-space" : 

li 


fe~^'dn 


Then the mean of the energy follows in fee usual way : 

r s 
in J 


Likewise, 


We then form 


T s 

J e ^^dCi 

I EH~^^da 

ji,- «>_ 

r B r ® iff- V 
je"^^dn . '‘''dn) 

(/e'SnT 


[# - (*$)'*] 
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Therefore, 


e^ = TiT-^ 


We also arrive at the same formula, if instead of the classical 
canonical distribution function, we start from the quantum distribution 
function 


The mean energy of radiation of frequency v in the volume v is 
M =vuvdv, where the monochromatic density of radiation is 

SttKv 1 

w, — = — • — 

if Planck's Law is taken as the basis. (Of., for example, M. Planck, 
Lectures on the Theory of Radiation, Engl. Transl.) 

According to formula (28) deduced in the previous note, it therefore 
follows that 


= kT^vdv ^ 




If we eliminate T on the right-hand side by substituting for its 
value 1 + it follows that 

V 

— , , c^u^vdv 

e® = Uyvdv . Tiv + — ' 

B-kv^ 

i-e- '?=E.hv-\- , 

Sirv^vdy 

The second term on the right is required by the Undulatory Theory 
for at each point of the volume v the most varied trains of waves of 
radiation cross one another’s paths with every possible amplitude and 
phase. The interference of all these waves thus generates at the point 
considered an intensity, which varies continually, and hence the energy 
of the volume v also varies. If we calculate the mean of the square 
of the energy, i.e. c®, we find precisely the second term of the above 
formula. (Of., for example, S. A. Lorentz, Lea theories statistiques en 
thermodynamique (Teubner, .Leipzig and Berlin), 1916, pp. 114 et seq.) 

The first term is not, however, explained by the classical undulatory 
theory. On the other hand, it becomes endowed with meaning if we 
,®hppose that the radiant energy consists of a certain whole number 


^ c. 
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n) of finite energy complexes the value hv. For then E = n-hu, 
and therefore "E —'n'hv, where n is the mean about which the number 
n varies, if s = w - ^ he the variation of the number n, then it 
follows that e = E - E = S?i»^wh^re e® = But, according to 

a well-known law of statistics, S^= ^ (Of., for example, H. A. Lorents, 
loc, oU., §§ 26 and 27.) Hence e** = = E-hv. This is exactly the 

first term in the above formula. 

54^. Einstein, Ann. d. Phys. 17, 144 (1905). 

5B J. J. Thomson, Conduction of Electricity through Gases. 

86 X. Einstein, Ann. d. Phys. 17, 147 (1906). 

87 Of. B. PoU and P. Pringsheim, Die liohtelektrisohen Erschein- 
ungen. Sammlung Vieweg Heft 1 (Braunschweig 1914). 

88 A. Einstein, Ann. d. Phys. 17, 145 (1905). 

89 B. A. Millihan, Phys. Zeitschr. 17, 217 (1916). 

60 According to Pohl and Pringsheim, we have to distinguish between 
the normal and the seUoUve photo -effect : in the_ case of the normal 
affect the number of electrons tom off (per oalone of the Jight-energy 
absorbed) is independent of the orientation of the electrical vector of the 
light-wave, and increases, starting from an upper limit of the wave- 
length. in general uniformly as the wave-length decreases. In the case 
of lie selective effect, on the other hand, which only appears when the 
aleotrical vector of the fight-wave possesses a component vertical to the 
metallic surface, the number of electrons tom off (per oalone of fight- 
energy absorbed) shows a decided maximum at a defimte wave-length. 

Iloh Bc^lda, Phil. Mag. 7, 643, 812; 15. 218. Jahrb a. E^oak- 
tivltat u. Elektronik, 6,p. 239, ^^ 08 .— Ck. PorMa and SadZar P^ 

T 7 789 ch Barhla, Jahrb. d. Eadioaktivitat u. Elektron^, P. 

Wi., o/b. .B May ana 16 to. 19^ 

Phil. Mag. 16 , 660.— E. Wagner. Ann. d. Phys. 46, 868 (1915) , bit- 

zungsber. d. bayer. Akad. 1916, p. 33. _ Phvsic Eeview 7. 

62 D. L. Webster, Proc. Amerio, Acad. 2, 90 (1916) , Pnysic. iieview, /, 

^^63 JB. TiLginey, Ann. d. Phys. 46, 868 (1916). /iqi7\ The 

64 Of., for example, E. Wagmr, PhysJZexino^.^^^ (1917). The 
value that Wagner calculates for his-, h- 6 62 . 10 . 

”, ^ 18. 110 ^ 

ana B. Boofc, Bei. a. aentaoh. pbydkal. Gea. 21, 168 


‘Tl: Branch ana a. S.rfa, Verlnmai. a. aeuteh. phyaftal. Gaa. 16 

ffiritioal potential meaanrea hy Tranck ana Bcrtz amonntea to 
r - 4-9 volte = ^ eleotroatatio unite, and fterofora the ontioal energy 

of the electron is 

eV> 


4-774. 10 -W. 4-9 
800 


a 


142 


THE QUANTUM THEORY 


The wave-length A of the mercury line emitted is 
X = 25361 = 2-536. 10 -5. 

Hence we must get 

4-774 , 10 - 10 , 4-9 . 2-536 .10-6 


K c 


3-102 . 3-1010 
= 6-59.10-27 


and this is in good agreement with the results of other measurements. 

71 Of., for example, J. Stark, Prinzipien der Atomdynamik II. (S. 
Hirzel, Leipzig 1911), Ohs. IV and V. 

12 J. Stark, Ber. d. deutsch. phys. Ges. 10, 713 (1908) : Phys. Zeitsohr. 
8, 913 (1907) ; 9, 767 (1908). 

Oanal-rays are positively charged particles of matter, which move in a 
vacuum tube in the direction ; anode to cathode ; the latter is pierced 
with holes through which the canal-rays pass into the space behind the 
cathode. If we generate such canal-rays in a vacuum tube filled with 
hydrogen, we find that the series lines of hydrogen are emitted. Now, 
if we observe this emission spectroscopically “ from the front,” that is, so 
that the canal-rays are moving towards the observer, we see, firstly, at 
its usual place in the spectrum, the sharp series hne (line of rest, “in- 
tensity of rest ”) ; secondly, we see displaced towards the violet, a 
broadened strip (line of motion, “intensity of motion” or “dynamic 
intensity ). These lines represent the series line emitted by the 
ruoving canal-ray particles, which is displaced towards the region of 
higher frequencies on account of the Doppler effect. Since the canal-rays 
do not possess a single uniform velocity, and since particles with all 
possible velocities occur, the displaced strip is not sharp, but softened 
and broadened. The “intensity at rest ” is therefore emitted when the 
quioMy moving canal particles strike “ resting ” molecules, i.e. gas- 
molecules which are moving comparatively slowly and irregularly, and 
excite these to emit the series lines. The “intensity of motion,” on the 
other hand, is excited by the unAdirectionally moving canal particles 
themselves, when they hit gas-molecules. 

Now, it is very remarkable that the interval between the intensity of 
rest and that of motion is not filled in, but that the emission of the in- 
tensity of motion becomes observable only above a certain velocity. 
Stark interpreted this^ fact in terms of the light-quantum hypothesis 
Mus : If is the kinetic energy of a canal-ray particle, and if the 
fraction al^v^(a 1) is transformed into a light-quantum hv upon 

collision with a gas-molecule, then we must have hp < %iv ^ ; that is, the 
spectral line of frequency ^ can be generated only by canal-rays, the 

velocity of which >a/?^. 

~ 1 am 

proportionality between the critical ..velocity and Jv has been 
fairly well borne out. 

remarked here that J. Stark has lately abandoned the 

^ 74 a8Xi9w,.r 
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78 J StcvrTi, Phys. Zeitsohr. 9 , 86, 366 (1908),— J. Starlc and W. 
SUtMng, Phys. Zeitschr. 9 , 481 (1908).—/. Starh, Phys. Zeitsohr. 9 , 

389 (1908). , 

In these papers /. Siarh defends the view that the band-speoka are 
amltited when a “valency electron’’ belonging to the atom or moleculo 
i s pushed out of its normal position and then returns again to its initial 
"position, counterbalancing the work done in displacement. If the 
energy of deformation (valency energy) E is changed into a light- 

quantum, then we must have hv « E, i.o. v All linos of the 

band must therefore lie below the edge v » If the valency energy 

J! is changed by chemical processes, the band-Bpootrum must bo dis- 
placed accordingly. 

A Einstein, Ann. d. Phys. 17 , 148 (1906). 

78 J. Stark, Phys. Zeitsohr. 9 , 889 (1908) ; Ann. d. Phys. 38 , 467 1912). 
The fundamental law of photochemical decomposition enunciated by 
Stark and Eimtein states ; If a molecule dissociates at all owing to the 
absorption of radiation of freguonoy v, then it will absorb an amount of 
energy hr when it dissociates. This energy, therefore, represents the 
heat of reaction, which will bo set free upon recombination of the 
products of decomposition. 

This law was later deduced by A, Einstetn for the range of validity of 
Wien's Law of Eachation without the assistance of the light-quantum 
hypothesis, by purely thermodynamical methods. (Of. Ann. d. Phys. 
37. 889 (1912), and 88, 881 (1912)*) 

%E. Warbwrg, Bor. d. Berl. Akad. d. Wiss. 1011, P* P.' 

644; 1914, p. 872; 1916, p. 280; 1916, p. 814; 1918, pp. 800, 1228. Of, 
also “Naturwlssensohaften," 5, 489 (1917). 

77 JET. i. Zvofsnii^, Phys. Zeitsohr. 11 , 1260 (1910). „ . . 

78 M. Plamk, Bor. d. deutsoh. physikal. Qes. 13 , 188 (1911); Ann. cl. 

70 On^^oount of the continuous (classical) absorption, all energy values 
of the oBolllator In an elementary region, say between »e and {n + l)e, 
are equally probable. The mean energy in the nth elementary region 
is, therefore. 


ne -f (n 
Un 


• ail (n -]- 


From the oononioal law of distribution extended in the sense of the 
quantum theory, it then follows that 




ye H’ 

jmi 

0 


„„ --- n, 
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If we further set e = hvi^ follows that 


In place of relation (7) of the text we get here 


and this leads to Planck's Lsuw of Eadiation, 

80 af. Planck, Sitzungsher, d. Kgl. Preuss. Akad. d. Wiss. 3 April, 
1913, p. 350; ibid., 30 July 1914, p. 918; ibid., 8 July 1915, p. 612. 

81 A. Einstein and 0. Stern, Ann, d. Phys. 40, 551 (1913). 

82 W. Nemst, Verhandl. d. deutsch. physikal. G-es. 18, 83 (1916 . 

83 F. Bicha/rz, Wiedem. Ann. 52, 410 (1894), 

84 Report by P. Langevm at the Solvay Congress in Brussels, 1911. 
Of. A. Eucken, Die Theorie der Strahlung und der Quanten. Abhandl. d. 
deutsch. Bunsen-Ges., Nr. 7 (W. Knapp, Halle 1914), pp. 318 et seq. 

88 A. Einstein and W. J. de Haas, Verhandl. d. deutsch. physikal. Ges. 
17, 152, 203, 420 (1915).— A. Einstein ibid., 18, 173 1916).— TF. J. de 
Haas, ibid., 18, 423 (1916). 

86 P. Beck, Ann. d. Phys. 60, 109 (1919). 

87 Report by Planck at the Solvay Congress in Brussels, 1911. See 
A. Eucken, Die Theorie der Strahlung und der Quanten. Abhandl. d. 
deutsch. Bunsen-Ges., Nr. 7 (W. Knapp, Halle 1914), p. 77. 

88 If 2 is the elongation of a linearly vibrating electron of mass m (os- 
cillator) and V its period of oscillation, then the energy of this configur- 
ation is 


The first term represents the kinetic and the second the potential energy, 
Now the impulse (the momentum) is p = Therefore, we may write 

Oit 

17 = 1^ + 27rVw2* 





NOTES AND REFERENCES 146 

The ourvea U «« const., that is, thoso curves in the phase- plane, which 
correspond to the states of constant energy of the oscillator, are therefore 
ellipses with the semi-axes 

ft = /\/ , „ - and b = J2mU. 

y 'Iirhhn 

For a definite value of U we get a completely definite ellipse. The 
“ phase-point ” of the oscillators would continually revolve in this ellipse, 
if the eleotron, without omitting or absorbing, wore to execute pure har- 
monic oscillations : for then its energy would renaain permanently constant. 
If wo allow U to vary continuously, i.e. if wo give it other and again 
other values in continuous succession, we get an unlimited manifold of 
oonoentrio ellipses. 

The quantum theory, os formulated in (80) in the text, selects from tins 
infinite manifold a discrete set of ellipses, and distinguishes them as the 
“quantised” ellipses which correspond to the “ oharaoteriatio states” of 
the osoillator. To these belong the “quantum energy-values" Uj, Uj, 
. . . Un. 

Now the nth ellipse encloses an area nh. The area of the Trth ellipse 
is, however, 

Fjj 7rft ,(, , bn 3s 7r\ I r— • fJ'HmUn *= — 




lianco we must have 


» nl% i .o. Un — nhv 


that is, in the nth giumtwn state the oscillator possesses an amo^mt of 
energy n« aa nhv. 

80 it. Sommerfeld, Phys. Zoitaohr. 12, 1067 (1911).— Beport by A. 
Smmerfeld at the Solvay Oongreaa in Brussels, 1911. Of. A. Ettclcen, 
Die Theorie dor Stmhlung und der Quanten. Abliandl. d. deutsch. 
BunBon-Cloa., Nr. 7 (W. Knapp, Halle 1914), p. 262, 

00 Report by 8omimrfeld at the Solvay Oongress, 1911. 

01 A, Sonwierfeld and P. Debye, Ann. d. Phys. 41, 873 (1913). 

oaOf., for example, the recent summary by E, SclwUdinger, Der 
Enorgieinhalt dor Fostkarpor im Liohte dor neueren Forsohung. Phys. 
ZeitBohr. 20, 420, 460, 474 (1919). A complete set of references accom- 
panies this acsoount. . , , , , , 

08 One gramme-atom of a substance, the atomic weight of whioli is o, 
is defined m the quantity o grammes of the substance. For example, 
one gramme-atom of copper is equal to 08*67 grammes of copper, smee 
08*87 is the atomic weight of oopper. Exactly analogous is the 
definition of the gramme-moleoulo (also called “ mol"). One gramme- 
moleeul® of oxygen is 82 grammes of oxygon, for the molecular weight 

of oxygen (diatomic) is 82. ... . , . 

If e is tho Bpoiflo heat of a substance of atomic weight a, it signifies 
that me gramne of the substance requires an amount of heat c to laise 
its by 0. Hence we must communicate to a gramma-atom 

10 
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of the substance, i.e. to a grammes of it, an amount of heat C = ca in 
order to raise its temperature by 1° 0. 0 is then called the atomic heat, 

OS The equality of the mean potential and the mean Mnetio’ energies is 
true here as in the case of the linear PZancA: oscillator (vibrating electron), 
of. note 41. This equality is, in general, always present when the forces 
which act upon the atoms and restore them to their positions of rest 
(zero positions) are linear functions of the relative displacements of the 
atoms, that is, when the force is “quasi-elastic,” that is, proportional 
to the displacement from the zero position. Of. in this connexion 
L. Boltzmann, Wiener Ber. 63 (11), 731 (1871), and F. Bicharz, Wied. 
Ann. 67, 702 (1899). 

iSDulong and Petit, Ann. de chim. et de phys. 10, 395 (1819). 

96 The quantity usually obtained by measurement is not the atomic 
heat at constant volume C„, but the atomic heat at constant pressure Cj,. 
For this we get values which in general fluctuate about the value 6*4 
cal./deg. The calculation of Cv from Cp is based on the thermo- 
dynamically deduced formula 


where a is the cubical coefficient of thermal expansion, k the (isothermal) 
cubical compressibility, and V the atomic volume = • 


97B.g. we find 
for silver 
„ aluminium 
„ copper 
„ lead 
„ iodine 
„ zinc 


density 


at 


0 ® 0 . 
58° C. 
17° 0. 
17° 0. 
25° 0. 
17° 0. 


Cp = 6-00 

Cp = 6-82 
Cp = 5-79 
Op = 6'33 
Cp = 6-64 

Cp = 6-08 


98 P. H. Weher, Poggend. Ann. 147, 311 (1872) ; 154, 367, 658 (1876), 

99 As a possible way out, the “ agglomeration hypothesis,” supported by 
P. Bicharz [Marburger Ber. 1904, p. 1], C. Benedicks [Ann. d. Phys, 42, 
133 (1913)] and others, has been put forward. According to this, as the 
temperature falls the number of degrees of freedom of the system 
dimini shes by “freezing-in,” as it were, in that certain linkages become 
completely rigid. According to this, however, the compressibility should 
decrease greatly as the temperature falls, wiiioh, according to E. Gril- 
neisen's measurements is not the case [Verh. d. deutsch. phys. Ges. 13, 
491 (1911)]. Compare also in this connexion the report of E. Sch/rG* 
dinger quoted in note 92. 

100.4. Einstein, Ann, d. Phys. 22, 180, 8(X) (1907). 

101 Of. A. Emstein, Ann. d. Phys. 35, 683 ff. (1911), also the report by 
I Emstem at the Solvay Congress in Brussels, 1911 ; see A. Euoken, Die 
Theorie der Strahlung und der Quanten. Abhandl. d. deutsch. Bunsen-Ges. , 
Ur. 7 (W. Knapp, Halle 1914), pp. 330 et seg. 

,1024i Pins, Ann. d. Phys. 34, 170, 590 (1911) ; 35, 679 (1911). 

, *10? The nature of the dependence of the frequency v on the three 
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quantities A, p, k may, according to Einstein (he. cit.), be obtained by a 
simple dimensional calculation. If we assume tliat y depends 
mass 7 n of th.e atoms, their distance apart d, and the compressibility k of 
the body, then aij equation of the following form must hold 

y =: 0 . . K^. 

C is here a numerical constant ; a:, y and z are numbers which remain to 
be determined. 

The dimensions of the frequency [v] are [< - 1] ; the dimensions of m and 
d are [to] and [Z], and the dimensions of the compressibility k follow from 
its definition : 

incre ase in volume 

~ increase in pressure x original volume 

K has therefore the dimensions 
Lpressure. 

We thus get the following dimensional equation 
Hence 

X - z = 0] 2/+a = 0; 2z — 1 

from which we get 

x=— - J; 2/=+4> *^““4 

We have therefore, 

V = Cm~i ’ 

Let N be Avogadro’s number, i.e. the number of atoms in the gramme- 
atom. Then the atomic weight of the body is numerically equal to the 
mass of the gramme-atom, i.e. 

A = mN. ■ 

If we imagine the atoms arranged upon a cubical space-lattice with 
sides d, then the density must satisfy the equation 

TO 

P~ d^ 


from this it follows that 
and hence 

d 


d = p ^ 


- = = A-^N^P~^ 


m 


from which, it follows that 


V = oM . 4 - i p-i K-i 


148 


THE QUANTUM THEORY 


Einstein determines the factor G by assuming simply that only the 
twenty-six neighbouring atoms act upon the displaced atom. 

104 JP, A. Lindemann, Phys. Zeitsohr. 11, 609 (1910). Lin^mann's 
formula may be shortly deduced thus : Let r = a sin (Siri/t) be the elonga- 
tion of an atom which is vibrating with the amplitude a and the frequency 
V. The mean energy of this atom is 


„ <m/drY 


-1- I • (27rv)V2 


. {2irv)^a^ = ^Tr'h^ma^. 


At the melting-point, according to Lindemann's conception, a is of the 
same order as d (distance apart of atoms). On the other hand, the mean 
energy of the atoms at high temperatures = ShT, or, at the melting-point 
SfcTg. (The melting-point, as a rule, is high.) Prom this it follows that 


2Tr‘^v‘^md^ = BkTs 


V 


BhTs 

2it^md^ 


= const. 


But we have (see note 103) 


A 


= AiN~^'p~^- 


Hence 


V = const. Ts^ . A~^NiA = const. Ta^ . A ^ . p^. 


108 JS. Qrlineisen, Ann. d. Phys. 39, 291 et seq. (1912). 
loop. Madelung, Nachr. d. kgl. Ges. d. Wiss. zu Gottingen, mathem.- 
physikal. Klasse 1909, p. 100, and 1910, p. 1. 

107 W. Sutherland, Phil. Mag. (6), 20, 657 (1910). 

108 If M and K are the coefSoients of refraction and extinction of a 
substance respectively, then, according to Maxioell's Theory, its reflect- 
ing power is 

T> _ (n - 1)^ + 

{n -h 1)2 + K®' 

If we require the point of maximum reflection, we have to form the 
■ — 0, which gives after reduction the following relation : 


equation 


'dv 


(n2 

oy Oy 


O. 


Prom this we see that the position of maximum reflection does not 
coincide exactly with the position of maximuna absorption == 0^, 

but that it lies the nearer to it, the less the coefflcient of refraction 
varies with the frequency. On the other hand, the point of maximum 
absorption lies, according to the dispersion theory, in the immediate 
neighbourhood of the natural frequency 
IWJT. Ikibens and E. F. Nichols, Wiedem. Ann. 60, 418 (1897). Also 
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H. Eubem and Jf. Bolhiagel, Bar. d. kgl. preuss. Akad. d. Wiss. 1910, 
p. 4;6i JET, Hollnagel, Dissert. Berlin 1910; H. Euhens, Ber, d. kgl! 
preuss. Akad. d. Wiss. 1918, p. 613 ; H, Eiibens and H. v. Wartenbera 
iWd!., 1914, p. 169. 

As an example wo give here the following small table in which \ 
denotes the wave-length of the “ residual ” rays, as given by the above 
investigators. 



\ 



NaOl 

62 IX 

TlOl 

91*6m 

KOI 

68*4^ 

KBr 

82*6m 

AgOl 

81*6,a 

AgBr 

TlBr 

112*7m 

HgOl 

98*8;a 

117 IX 


110 Of., however, note 108. 

111 W, N&rmi and jP*. A, Lindeomnn, Sitzungsber. d, kgl. preuss. 
Akad. d. Wiss. 1911, p. 494 ; W. Nermt, Ann. d, Phys. 36, 426 (1911). 

lia The following short table gives the values for v which are calculated 
from Einstem's formula (86), Lindemann's formula (86), from the 
“residual rays” (see note 109), and from the observed atomic heat 
according to an empirical formula (40) proposed by Nernst and 
Lindemann. For more detailed data with, in part, oorreotod numerical 
factors see C, E. Blom, Ann. d. Phys. 42, 1897 (1918). 


residual rays 1 




Al 6>7.10^^ 7'6.10i3 


Ou 

Zn 

Diamond 

NaOl 

KOI 


5-7 . 1013 

4*1 . 1013 
2 * 2 . 1013 


0*8 . 1013 
4*4 . 1013 
4*4 . 1013 
1 - 8 . 1013 
82*6 . 1013 
7-2 . 1013 
6*0 . 1013 


6 * 8 . 1013 
4*7 . 1013 


8*3 . 1013 
6*7 . 1013 
4*8 . 1013 
4*6 . 10‘3 
1 * 6 . 1013 
40 . 1013 
6*9 . 1013 
4*6 . 1013 


‘d.: 
« l 


lia W. Nermt, F, Koref, F. A, Lindenmnn, Untorsuohungen iiber die 
spezlflsobe Warmo bei tlefen Temporaturen. I. u. II. Sitzungsber. d. 
kgl. preuss. Akad. d. Wiss. 1910, 8 March.— F. Nernnl, idem III., ibid., 
1911, 9 Maroh.— F. A. Lindemarm, idem IV., ibid., 1911, 9 March.— F. 
Nm-mt and F, A. Lindemarm, idem V., ibid., 1911, 27 April. — F. Nemst 
and F. A, Lvnd&mann, idem VI., ibid., 1912, 12 Deo.— F. Nernst, idem 
Vn., ibid,, 1912, 12 Deo.— F. N&rmi and F. Sohmrs, idem VIH., loo. 
elL, 1914.— F. Nermt, Der Bnergioinhalt fester Stofte. Ann. d. Phys. 
86, 896 (1911). 

Ill F, Nemat, Die theoretisohen und exporimentellen Grundlagen des 
neuen WttrmesatzeB. (W, Knapp, Halle 1918.) 

10 The First Daw states : If d'Q is the heat supplied to a system, d'A 
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the work done on the system from outside, then the increase of 
U of the system is given hy 

dU = d'Q + d'A. 

The Second Law states : if d'Q is supplied reversibly at the temperature 
T, then ^ — is the complete difierential of the entropy S', hence 

Let us follow HelmholU and introduce the “ free energy " F defined by 
F=U~T‘S. 

Then it follows that m o Am 

dF = dU-T.dS-S.dT=dQ + dA-f.dS-S.dl 

dF=d'A - S. dT 

for every reversible process, „ lx. i. Avt a' a 

If the process is isotliermal {dT = 0) then it follows tha,t dF = dA 
or. for a toite change of state, F,-F,== A. If we set 4 = - A, so 
that A' is the work gained, we get 

= A'. 

That is. the work gained in the isothermal reversible process-whioh is, 
as may he shown, the maximum obtainable— is equal to the decrease o 

Further^* it follows, since at constant volume V the work d'A = 0, 

/dF\ _ _ g or T. = -TS = F-U. 

\Wv~ ^‘KdTjv 

Therefore, formulating these expressions for two states, we get 
u\Wl^']^={F,-F,)-{U,-U,) 

or, finally, if we write for short Uj - ZJg = U' 

A' - U' ss 

VdTjV 

an equation much used in physical chemistry. 

Since, now, according to Nernsfs heat theorem, 

=0 

\dT T-0 

{A' - U') vanishes for T = 0, being above the first order. 

T=0 dT 


— 1 ^^ ‘Pjrp' 
T-0 



This is equation (89) of the text. 

From - -S, it follows further that - S„ or 

OT 61 

o _ o 

Si Si 


and hence Nernst's Theorem may bo formulated thus 


lim (Sa - Si) = 0 
T=0 


that is, in the mighhoitrhood of the absolute zero all ^jroeesses proceed 
without change of entropy. 

116 Of., for example, M. Planch, Lectures on Thermodynamics. Planck 
goes further than Nernst inasmuch as he postulates that not only the 
differenoo of the entropies Sa - Sj is zero at absolute zero (see previous 
note) but also that the individual values themselves become zero. Hence, 
according to Planch, at the absolute zero of temperature the entropy of 
every chemically homogeneous body is egual to zero. From this the con- 
clusion given in the text, 

ssd?)- 


may be deduced immediately. It follows from the relation (occurring 
in the last note) 

F - U = - TS 

and from Planch's version of Nernst's Theorem, that F - U vanishes for 
T » 0, being of higher order than the first. 

Hence . 

lim -^^'l -- = 0 or limfig^, + s\ = 0 

m~,o vT TsoVO-i / 


finally, 




llTT’or low tomperaturoB, that is, for high values of co - ^Einstem's 

cmula (84) tatos the following form : 0« = The falling-off at 

w temperatures therefore follows an exponential law ; more exactly, 

iiries as 

^ const 
'JP 

III w. mrni Mia A. iwSr’ 

, wta. laii, V. ‘M 1 zdtef '• '• ■ 

118^. Einstein, Ann. d. I hys. 35, 679 atom has three 

190 For if we regard the J^^^Sefom 8^ degrees of freedom. 

Ligreea of freedom ; ^ /„{ jrj s Weber andi B. Oans, 

ifl nroved in meohaiilcs, however (ct. m. n. 
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Eeperfcorium der Physik Bd. I. pp. 175 et seq.), a meohanioal system of 
BN degrees of freedom has SN natural frequencies, and tJie most general 
small motion of each atom consists in a su:peTposition of these 8N natural 
freguencies. 

121 P. Dehye, Ann. d. Phys. 39, 789 (1912), 

122 M. Born and Th. v. Kdrmdn, Phys. Zeitsohr. 13, 297 (1912) ; 14, 
15, 65 (1913), Of. also M. Born, Ann. d, Phys. 44, 605 (1914) ; M. Born, 
Dynamik der Kristallgitter (Teubner, Leipzig and Berlin 1915). 

123 Of., for example, B. Ortvay, tlber die Abzahlung der Eigenschwin- 
gungen fester Korper. Ann. d. Phys. 42, 745 (1918). 

Ortvay considers the natural frequencies of an elastic cube, each side 
of which has the length L. There are found to be three groups of natural 
frequencies. ^ The first two groups are the transversal frequencies, the 
third group is the group of the longitudinal frequencies. That the trans- 
versa,! frequencies form two groups (moreover identical) is easily seeut 
For in the case of a transversal vibration, which is propagated in, say, the 
direction of the aj-axis, two equal alternatives are probable, namely, that 
the particles vibrate parallel to the y. or to the sr-axis. In the case of the 
longitudinal oscillations, however, there is naturally only one group ; for 
in the case of propagation along the aj-axis there is only one possibility, 
namely, that the particles vibrate parallel to the aj-axis. The frequencies 
of the first two groups are characterised by the values 


the third group by 


2L 


"8 


= CN/a” + + c=> 

2L 


Here and c^ are the velocities of propagation of transversal and longitu- 
dinal waves in the body, whereas a, b, c are arbitrary positive whole 
numbers. H therefore we give a, b, c all possible values in all possible com- 
binations, we get all the possible transversal and longitudinal natural fre- 
quencies, which together form the elastic spectrum of the cube If now 
we mqmre how many transversal natural frequencies of the first group 
fall below 1 /, this means nothing else than inquiring how many trios of 
values (a, b, c) fulfil the condition 


i.e. 


c,\/a2 -1- b'* + c ’ ^ 

* 2£ <" 

N/aUrb®TF< — 

Cf 


“^-o^ates of a point in space. Then all possible trios 
(a,_b. c) of values are represented by the total “lattice-points” of the 
posi ve space octant, and the above question is answered by counting how 

many lattice-points are at a distance less than fiom the origin (0, 0, 0). 
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All these lattice-points lie within the positive ootant of the sphere whose 
radius is . Sinoo now om lattice-point is assigned to every volume of 

magnitude 1— namely, every elementary cube— the required number of 
lattice-points, provided that it is sufficiently largo, is equal to the volume 

O T 

of the positive spherical ootant of radius i.o. is equal to 

1 47r/2^Y Air I/V 
8 ‘ 8 V”o< j ^ 8' cf 

liV m is the volume of the given cubical body, then the number 
of the transverse natural froquoncios below v belonging to the first 
group is 


The number belonging to the second group is the same, that is 

"3 <"1 g 

Finally, the number of the longitudinal frequencies corresponding to 
these is 

® 8 c| 

We thus get for the total of all natural frequencies below v 

The total of natural ftoquenoios in the interval v . , , v + dv follows by 
differentiation with respect to p 


Z{v)dv as 4jrF 


and this is just formula (48) of the text. 

134 In formula (48) for 2!{p)dp lot us replace, according to formula (44) 
of the text, the footer 

iirVfi + B,') by % 

\«! of; 


liMt 



Then it follows that 



9B 9R- const. * ^ 

Cl) = — . const. = VI . Ti = const. • T^. 

128 From the theory of elasticity it follows that 

0 i = x / and Ct—\ 

y(i+ff)Kp yi 2(1+ (r)Kp 

where « is the compressibility, p the density, and cr the ratio 

transverse contract ion 
longitudinal dilatation’ 

If we insert these values 


in (44) and note further that V 

(46) of the text follows. 

129 As the number of frequencies below v is proportional 
for ^mple, the followmg picture: if we divide the inte 
into 10 parts, and if only one natural frequency lie 

following divisions there will be 7, 

L<{7, 169, 217, 271 natural frequencies ; i.e. the natural free 
ooiuaiiuailly closer togetlier, 

_ .-De6j/e, Ann. d. Phys. 39, 789 (1912); W. Nernst and F. A. 

Sitzungsber. d. Berl. Akad. d. Wiss. 1912, p. 1160. 

IK. Verhandl. d. deutsch. physikal. Ges, 

iQif « Q«* ^ ■ ^c^wers, Sitzungsber. d. Berl. Akad. d. 

iss. 1914, p. 356 ; p. QrWnther, Ann. d. Phys. 51, 828 (1916) ; W, H. 


formula 


127 If 2* is small, then Xm is large, and we may replace the upper 
limit of the integral as a first approximation by oo . The integral will 
thus become a numerical constant independent of Xm, and it follows that 
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If we now set =r K and ^ = k„, we get 


125 A table showing how the Dehye function Ov depends on Xrn is given 
by Nemst (Die theoretischen und experimentellen Grundlagen des neuen 
Warmesatzes. W. Knapp, Halle 1918, p. 201). In it the simple 
Einstein function [formtfia (34) of the text] is also tabulated. 

126 If T is great, then is small compared with 1 ; then we may 

replace in the integral of (45) e® by 1 in the numerator, and e® - 1 by x 
in the denominator. It then follows that 
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Keesom and Kamsrlingh-Onms, Amsterdam Proo. 17( 894 (1916). Of. 
also the graphic tables by E. SohrMinger, Phys. Zeitsohr. 20, 498 (1919). 
138 If wo introduoG into equation (44) of the text, 


47rF/l , 



BN 


a “ moan acoustic velocity " c", by the obvious definition 


8 12 


then for the order of magnitude of the smallest wave-length Auiin, there 
follows 


> A min 


IW' 


If now the atoms in the cubical space-lattice, for example, are arranged 
BO as to be a distance a apart, then Na^ »» F, and hence 


Amin ft. 

183 For rofarenoos see note 122. 

184 Of. Bornt Dynamik dar Kristallgltber, § 19. 

138 F. Haber, Verb. d. deutsoh. phys. Gos. 13, 1117 (1911). 

For if the atomic residue (mass m) and the electron (mass m) are held 
to their zero positions by forces of the same order of magnitude, and if 
they vibrato indopondontly of one another (a simplifying supposition) the 
equation of vibration of the atom is mx -t- a'^x « 0, the solution of which is 

A 8in(^-^4^. The infra-red frequency of the atom is, therefore, 




and correspondingly, 


the ultra-violet frequency of the electron 


is aa — Houco Haber's Law follows; vr : 

general spaco-lattloe theory of M, J3om confirms this law and shows that 
in the lattice, too, atomic residues and electrons appear upon an equal 
footing, and are acted upon by forces of the same order of magruit/ude. 

186 Of. M, Born and Tfm. v. Kcirmdn, Phys. Zeitsohr. 18, 297 (1912). 
Wo may treat this problem, which is of course one-dimensional, most 
simply thus ; If we imagine an endless chain of points of equal mass m 
disposed along the cB-axis at a distance apart a, and if wo suppose for 
simplicity that each mass-point only acts upon its two neighbours, then 
the equation of motion of the wth point Is 

mXn " «(®n+l ” ®m) “ “ ®«-l) “ «(®»fH + ®^H-l " 2(0n). 

Here « is a constant, and n can assume all values between •+■ co and - co , 
As a solution let us set for trial 

C 3 „ mi A sin fSwrt - 




This represents a process which is periodic in space and time, 
wave which is propagated along the chain in the direction of inci 
as. _ The frequency of this wave is »/, its length is Then, if e 
points the same displacement is to recur, jpa must = and hen 
actually follows that 

Xn+p = A sin faTryt - (n 


= ^4 sin ( 2vvt - n 


In order to find the relation between v and x (that is, the “ Jaw of dis- 
persion *’), let us insert the above formula in the equation of motion. 
Then it follows that 

- m(2’iry)^A sin (^irvt - 

= a^|sin - (n + 1)^ + sin ^ 27 rpt ~ {n - 1)~J 


= - 2aA sin I 2vvt - n- 


That is, 




(2vv)hn = i.a sin® 

” “ Ws ™ (r)“ ”” (t)’ “ ™ Ws = 

137 Of. Born, D;piamik der Kristallgitter, p. 61, 

From the special case treated in the previous note, we also rcoog„^, 
the truth 6f law (49) ; for if x is much greater than a, the dispersion la 

takes the form »/ = p„^ =-|, where q = represents the velocity « 

this is independent of the wave-length. 
Tme ^tement that a given direction lies in the elemeht of so 
IS intended to convey the following sense : about an arbiti 
describe a » unit sphere,” i.e. a sphere of mdius 1. Now lot a o 
wy sni^l angle be constructed of rays passing through O, the p 
' l^g at O. Let this cone out out of the surface of the 
’•'I elmn^t of surface da. Now let the parallel ray to 
on be dmvra through O (here, for example, the w. 

hi the cone just constructed, then we say t 
lies in the elementary solid angle da. 

“ °®^hi finite body is that amount of h 
to the whole body in order that its tempera 
Mt^ie mass of the body, and o its specific 
\ , • 
r » cM. 
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If we carry out the integration with, respect to we get 




r da _ ^ 

J (n) ^ 

A Wl' ' 


Now, in a way analogous to that used for the acoustic velocities g, we 
set 


~3 iirj \f(n) 


Into introduce in place of 2i(n) and \m(n) the mean 

values qi and A,^, which are independent of direction ; thereby xi(n) also 
becomes independent of direction, and is transformed into 


hqi _ Mi o 


hT-K,n 


It follows that 


3 OH 

Tcsyn^l Cx^e^^dx 




8 x'i 

-4w» J («■-!) 

1=1 0 


1 fx*exdx 
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Now the value of the integmls = If we further set B = Nk, aud 

for ^ the value (59), we get 


167r^h*VT 




If we introduce in place of the three acoustic velocities g-i, g®, gg a mean 
acoustic velocity g by means of the definition 


3 ‘6 in 

f— 

o* >Wgi® ^4:irjgi» 


(see note 140) 


it follows that 


le-n^k^T'T^ 

5h^sg^ 


I’inally for — we can write 7^ (mean atomic volume) and thus get the 


formula 




142 H. Thifring, Phys. Zeitsohr. 14. 867 (1913) ; 15, 127, 180 (1914). 

148 M. Born and Th. v. Edrmdn, Phys. Zeitsohr. 14, 15 (1913). 

144 Of. note 132. 

148 Of. note 128. 

146 ri. Eucken, Verhandl. d. deutsoh. physikal. Ges. 15, 571 (1913). Of. 
also A. Eucken, piQ Theorie der Strahlung und der Quanten (W. Knapp, 

Hallel914), pp. 386 etseg., Appendix. , ^ 

147 Of. A. Eucken, Die Theorie der Strahlung und der Quanten (W. 

Knapp, Halle 1914), p. 387. _ _ 

148 To calculate the mean acoustic velocity g, the relation given in note 

141 is used 


2 1 r ^ 
inj g?{ 


Wa have therefore to obtain from the “dispersion equation” of the 
crystal in question (for long waves) the values of the three acoustic 
velocities gi(«), q^in), q^in) as functions of the wave-dir^tion ; g is then 
obtained from the above formula by integration over all directions and 

finally summation. ■ 

149 L. Hopf and Q. Lechner, Yerhandl. d. deutsoh. physikal. Gea. 16, 

648 (1914). , ^ TT 

180 The following short table is taken from the paper of Hopf and 

Lechner cited in note 149 : 
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calc, from elastic 
data 


151 W. Nernst, Vortrage iiber die kmetische Theone aer iViaiienE 
Elektrizitat. Wolfskehl-Kongress 1913 in Gottingen (Teubner 
and Berlin 1914), pp. 63 et seq. 

152 W. Nernst, ibid., pp. 81 et seq. 

153 E. Schrodinger, Pbys. Zeitschr . 20, 503 (1919). 
points out that — i 
the three quantities Xi 
the second part of (i. 


-apart from the substitution of one singU mean a: fpr 
“ in the Debye terms— the approximation above all in 
,e. the replacement of the 3(s - 1) frequencies 
V, . . . Vo by the cmstants v§ . . . vg.| may not be perniissible in many 
cases : namely, in those oases in which the masses of the vanous l^ds 
of atoms are not very different from one another. H we were to allow 
—so he argues— the masses of the difierent kinds of atoms and the forc^ 
acting upon them gradually to become equal to one another a simple 
atomic lattice would result, and during this process the 3(s - 1) branches 
of the spectrum, which correspond to the second type of motion, would 
merge into the three first branches. » They cannot therefore even be 
approximately monochromatic if the masses differ only slightly. 

154 H. Thirring, Phys. Zeitschr. 15, 127, 180 (1914), 

155 ikf. Born, Ann, d. Phys. 44, 605 (1914). 

156 jB, Ann. d. Phys. 39, 257 (1912). rrs /icnoi 

157 (S. Batnowslci, Verhandl. d, deutsch, physikal. Ges. 15, 75 (IJL,). 

158 Vortrage fiber die kmetische Theorie der Materie und der Ele - 

wWehl-Kongresz zu Gottingen, 1913. (Teubner, Leipzig 


159 If 17 is the energy, and S the entropy ot tne system, m 
energy” is defined according to BehnTwUe by the relation 

F^U- S.T. 

It then follows from note 116 that 

dF^d'A- S.dT 

where d'A is the work done from without. If we set in the 
d'A — - '$dV ; {F pressure, Y = volume) 

j vj ^ dFA- fdV-SdT. 

Prom thitf we get immediately ^the equation (66) in the text 


Cl'ystal 

5 calc, from 0,^ 

Sylvin . 

Rock salt 
Pluor-spar . 
Pyrites 

2-36 . 105 
2*82 . 10® 

4- 02 . 10® 

5- 43 . 10® 



Similarly, 


and henoe 
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U == F + T . S = F - 


160P, Dehye, loc. cit., note 158. 

161 E. Qrilneisen, Ann. d. Phys. 26 , 211 (1908) ; 33 , 65 (1910) ; 39 , 285 
(1912). 

162 P. Debye, loc. cit., note 158. 

1634. EucJcen, Ann. d. Phys. 34, 185 (1911); Verhandl. d. deutsch. 
plrysikal. G-es. 13 , 829 (1911). 

164 P, Drude, Ann. d. Phys. 1, 566 (1900). 

165 jS. Bieclce, Wiedem. Ann. 66, 353, 545 (1898). 

166 Of., for example, H. A. Lorentz, Tlie Theory of Electrons (Teubner, 
Leipzig, and Berlin 1909). 

167 Let 2 be the average velocity of the electrons along the free path 1. 

Then the electron takes the time r = ~ to pass ovm this free pa&. 

During this time it is exposed to the electrical force E of the external 
held. Its increase in velocity due to this force is at the commencement 

of the free path = 0, at the end of it = where e and m are the 

charge and mass of the electron respectively. In the mean, therefore, 

the small additional velocity generated by the field is Ag = 

The electrons stream v/nidireotionalVy with this velocity against the field. 
If N is the number of electrons per unit volume, then through unit 
area of the surface there streams per second a quantity of electridty 

=, This is, however, the “current density” I wMch is 

known to be oormeoted with the field E by the relation I == ffB- ^he 

expression (67) for the conductivity <r therefore follows. ^ 

A more thorough treatment is due to H. A. Lorewtz (see note ^6). 
He does not give the electrons a single velocity g, but ^infetodncM Ma 2 - 
welVa supposition, known from the kinetic theory of ttet 

possible velocities occur, which are distributed 

Loording to a fixed law, the so-oaUed Meuzivell Law of Disfebultai. 
He thus obtained a formula of the following form ; 


\3ir mg 


whioh therefore oihy Mere by a nomerioal faetoi frcm fonntH* 

(R’T\ ■ hfiva a = the root mean square of the velocity. _ 

11 










:kT+^h 


Henna v = is tiis ooeffioient of thermal conductivity. • 

Here also H. A. LarenU has deepened the theory by taking the dis ri- 
bution of velocity into account, and finds that 


162 THE QUANTUM THEORY 


X, axis; we shall calculate the energy transport across this section per 
second. If we suppose that ^ of all electrons wander in each of the three 
directions in space, then ^ move in the positive x direction ; and Irntber, 

the number of electrons which 
pass through the unit of sur- 
face in one second, will be all 
those which are contained in 
the small shaded cylinder with 
the base surface area 1 and the 
X' height 2 (velocity), namely, 
•J-N2- We also make the sup- 
position, usual in the theory of 
gases (although not strictly true), that the energy, which each 
transports through the cross-section, has the value corresponding to that 
which it had at the point where it last collided. 

Now the energy in the section itself at temperature T is equal to 

and hence the energy = iJcT + ^ at the points which lie at a 

distance I in front of and behind the section. Here, on the average, the 
electrons coming from the right and the left meet with their last colhsions. 

The energy transport per second through unit of cross-section is 
therefore 
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Metal 

^.lO-w 

(T 

A1 

6-86 

Ou 

6-66 

H 

6-86 

Au 

7-09 

Zn 

6-72 

Pb 

7-16 

Pb 

7-63 

Bi 

9-61 


, that 


2 tta 20 " 


sldhTm 

"W~"‘ 


T be the number of atoms par unit volume, N* the number 
I, gramme-atom {Avogadro'a number). If, further, A is the 
xt, M the mass of an atom, and p the density, then 


(A « MN* 

Xp^mn 


.tme that N, the number of oleotrons per unit of volume, is 
ired vvith N, say 

N » XOO^” iOO'^* f" 
ihis value, then wo got for the free path 
, 200 <rA >J 

— 

make a rough oaloiilatlon for copper at 0® 0. We have 

ff- v— 6'4 , 10” (in oleobrostatio unite) 

A » 68-67 
& » 1-4 , 10 -” 

JP BM 278 
w « 0-9 . 10-” 

« 6-1 . 10»« 

p Ba 8'9 

e « (t-77 . 10-”. 
values we get 

I is of the order 6*7 * 10“®. 
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Since the atomic distance is of the order of magnitude 2.10-8, the 
Lctrons would therefore only sufier collision 
sands of atoms. This is unacceptable, 

action” of the atoms itself has dimensions which fall within the order of 

magnitude of about 10-®. 

171 E. A. LorenU, loa. cit., note 43. 

172 J. J. Thomson, The Corpuscular Theory of Matter. 

178 H. Kamrmrlmgh-Onms, Leiden Commumcat. 1913, 133. 

174 C. H. Lees, Phil. Trans. (A) 208, 

178 W. Meissner, Ann. d. Phys. 47, 1001 (1915). 

176 W. Nernst, Berl. Ber. 1911, p. 310. * no oo noill 

177 H. Kammerlingh-Onnes, Leiden Oommunicat. 119, ( 

,raJ’. 4 .I»ui»«o>m,B 6 rl. Bet.l911.p.31^ abet 

aeieJLwre to ieoSkeehe.; Bij-ft- (’^bubnet, Leipzig Berlin 

fie”S of afomic aotion, tbe 
net unit of volume, tben, aoooriing to a well-lmown resaii oi me 

thLTof “ 


irNs-^' 


Let us set 


Stt Set; «om 

energy E of this vibration (frequency v), on the one hand, ^ (2iry) 

(Mietheatomiomase); on the otter band, i* ie, aoeording to PUmk. 

Einstein, 

_ Shv 
hv 

ekT^ 1 

Prom this it follows that 


““W; 


2Mp{^ekT— 1 ^ 

Now, according to formula (67) of the text, the resistance 


note 170), and for N , according 


i the value 

Z 'm ■ . . 
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it follows that 

t Blt 2So / dh 'I 

BAfw'* , ir y 2Mv I 

+ “T^= + sg Y 

elT^l j 

an expression, wliioh contains only a and Sq as unknown constants. If 

wa set ; — ^ — ■ — 

2irN Jdkm 8h _ 

y e*a I 

. . I2tN jQTcm =. R 1 


then 17 assumes the form givan in the formula (70), 

181 F. A, Lv)%d$mann, Phil. Mag. 29, 127 (1916). 

ISlaF. Baber, Berl. Akad. Ber. 1919, pp. 606 and 990. 

182 J. Starh, Jahrb. d. Badioakt, u. Blektronik 9, 188 (1912). 

188 &, Boreli/ua, Ann. d. Phys. 67. 278 (1918). 

181 X. HerefeU, Ann. d. Phya. 41, 27 (1918). 

the first of the two for- 
mulse (72) follows from (67). If we further take into account that in Bride’s 
Theory F »» ^hT, that is, that ^ | then from (68) the second for- 

mula (72) follows. 

186 F. V. Bauer, Ann. d. Phys. 61, 189 (1916). 

187 F. Nemst, Berl. Ber. 1911, p. 66. 

188^4, Emken, Berl. Ber. 1912, p. 141. 

189 X. Soheel and W. Bause, Ann, d, Phys. 40, 478 (1913). Of. also 
L, Bolborn, X. Soheel and F. Banning, 'Wiirmetahellen der physikal.- 
teohn. Belohsanstalt (Vieweg 1919). 

190 4. Einstein and 0. Stern, Ann. d. Phys. 40, 651 (1913). 

191 The quantum formulae (76) and (77) properly correspond to the 

Plamk osoillator, that is, to a system of one degree of freedom, while 
hero, in the case of rotation, wa have to do with two degrees of fteedom. 
But the energy of the Planoh osoillator is composed of two equal parts, a 
kinetic and a potential part, while in the case of rotataon o^y ^i^etic 
Siergy comas into question. This is often expressed thus : the PZa«c?c 
oscillator possesses one potential and one kinetic degree of freedom, while 
the rotating molecule possesses two kinetic de^ees ^ . 

192 P. Ehrenfest, Verhandl. d. deutsoh. physikal. Gas. 16 , 461 (1918). 

193 Aooording to note 48, the quantum canonical Mstribution function is 







166 THE QUANTUM THEORY 

and the mean energy is 


1 

n 

■ _fn 

■^Pne 


If we here set all pnS = 1, and if for En we substitute the value E^^j 
from (80), there follows for the mean rotational energy of a molecule 




where a = 


8ir^JkT 


and for the heat of rotation of hydrogen we get the expression 
Cr=W%. 

194 The turning impulse (moment of momentum) of a system, the 
mass-points of which possess the mass mi, the velocities Vi, and the dis- 
tances n from a fixed point (say the origin of co-ordinates), is a vector of 
the value 

[U1 = ^nimn sin (vin). 


In the present case, the system consists only of the two atoms (mass M), 
which rotate around a circle of radius r with the constant velocity 
-y = r • 2iry. 

Hence here 

[TJ I = p — . 2irv = J . 27ry, 

where J = is the moment of inertia. 

198 The impulse (or momentum) pi corresponding to a generalised co- 

Olit 

ordinate g^i is, according to note 48, defined by tbe relation == 

where gf = and L is the kinetic energy of the system. Now here 

the angle of rotation cj) is chosen as a generalised co-ordinate. But the 
kinetic energy of a body rotating about a fixed axis is known to be 
= J • (moment of inertia) x (angular velocity)®, hence 
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196 JP. BaioM, Ann. d. Phys. 68 , 667 (1919), 

197 The beat ourve was obtained by assigning the “ weight ” 2n to the 
wth quantum state of rotation. The rotaiionUss state (n = 0 ) thus 
receives the weight zero, i.e. it does not exist. This amounts to the 
same thing as the introduction of a zero-point rotation. 

198 js;. Holw, Ann. d. Phya. 42, 1811 (1913). 

199 /. V. Weyssmfioff, Ann, d. Phys. 51, 286 (1916). 

aoo M, Planck, Ber. d, deutaoh. physikal. Ges. 17, 407 (1916). 
aoi 8. Botsmyn, Ann. d. Phya. 67, 81 (1918). 

aoa The curve is not drawn by Planck, but is discussed in the author’s 
paper cited in note 196. 

aoa See likewise the author’s paper quoted in note 196. 
ao* P. 8 , Bystem, Bor. d. deutsch. phy.sikal. Ges. 18, 398 (1916). Of. 
also Phys. Zeltsohr. 20, 289 (1919). 

BOB m Bohr, Phil. Mag. 1918, p. 867. 

aoo During "regular precession" the top turns uniformly about its 
axis of symmetry (axis of its figure), while at the same time this axis 
describes a oone of circular section about an axis fixed in space. 

a07 A compilation of the moments of inertia of the hydrogen molecule 
used by the various investigators is as follows 


Binstein-Sten 
Bhrenfest. , 

Beiche 


J.lOih 
. 1-47 
. 0*69 
f2-2141 

. •{ 2*298 }■ different curves. 
12-096J 



Holm 


Botsmyn . 

Bystem {Boh/r^s model) 


90817. Bjernm, Nernst Postschrift 1912, p. 90. Bjerrum did not, 
by the way, stait from formula (79), but calculated with the values 

ioBowing a proposal of H. A. Lorentz, he set the rota- 

tlonal energy contrast to BhrenfesVs formulation • 

f781 which rests on a sounder basis. , at, 

m8. P. LangUy, Annals of 

Smithsonian Institution, Yol. I, p. 127, 894 ) 

210 P. Pasahm, Wiedem. Ann. 61, 1 ; 62, 209 , 63, 836 (1894). 
ail H. Buhem, Berl. Bor. 1918, p. 618. 

919 JET. Bubms and B. Aaohkmass . Wwd^. Ami. 64, 684 ( ). 

ai3pr. Buhena and G. H&itner, Bexl. Ber. 191 » P* , 

Q, Hettner, Ann. d. Phys. 66, 476 (1918). _ . 

sii'rsrc.* ss: 
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hydrogen atom H+ and a negatively chlorine atom 01~ (see Fig. 13). Let 
its centre of gravity he 8, and let a be the distance of the H+ atom from 
8. Let the line joining the two atoms be the axis of x', and let this axis 
turn in the positive direction about 8 at the rate of revolutions per 
second with respect to the fixed aj-^z-system. If, now, the two atoms 
vibrate relatively to one another with the frequency vq and the amplitude 
A, then the x' co-ordinate of the H+ atoms may be represented thus 
= a -1- ^ sin (2irvf^t). 

If we project this vibration upon the fixed co-ordinate system, it follows 
that 

fx = x' cos (2iri/^!5) = a cos H- A sin {2iTVQt) cos {^irvrt) 

\y — y' sin (2w,,it) = a sin (2^,./) -f A sin {2rvQt) sin {2TVrt} 




Fig. 13. 

for which we may also write 

{ a: = o cos {2vv^t) -f ^ sin 2Tr{vf^ + v^)t -f — sin 27r(j'o - v,)t 
A A 

y = a sin (2^*/}.^) — -^cos 2ir(j/j-f cos 2ir(>'o - v,.)/. 

•a 2 

From the point of view of the system at rest we have thus three 
oscillations ; 

(a) the left-circular oscillation 

a; — a cos (^'*^’'»'J|\with the frequency 
y = asm (2irj/^)J ^ 

(b) the left-ciro^ar osoillation 
A. 

^ - -“mth the &equenoy Vo-t-j/y 

4oos2ir(»/<,+ j'Ji ' ' 
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(c) th .0 rigbfc-oiroulaK oroillation 

£B « 4 Bin 2Tr(i'o - Pr)i\ . _ , , 

2 I 'With, the frequency i/„ - 

J/ sa cos 27r(j^o ” J/f)i j 

217 J. 8. IiMS, Afitroph. Joum. 60 . 261 (1919). 

218 A, Euckm, Ber. d. cTeutsoh. phys. Gas. 16 , 1169 (1918). EucTcen has 
licro, on aooounti of the asymmetrloal form of the hydrogen molecule, 
asKumod two diftoront moments of inertia 

m 0’96 . 10"'*“, and «2'21 . 10-'*® 

and lionce obtained two different series of numbers giving the revolutions 
per second, of. the table given there. See also the table in Buhens and 
{uttmr, ho, oiL, note 218. 

210 M. Plawh, Ann. d. Phys. 62 . A91 ; 63 . 241 (1917). 

220 0. Sao7c«r, Ann. d. Phys. 36 . 958 (1911) ; 40, 67 (1913). 

221 H. Tetrode, Phys. Zoitsohr. 14 , 212 (1918) ; Ann. d. Phys. 38 , 434 
(1912). 

' 222 W. E. Keeaom, Phys. Zoitsohr. 16 , 696 (1914). 

228 X Sonwierfeld, Vortrilgo ilber die kinetische Theorie der Materie 
und dor Klektrlsdtat. Wolfskohl-Kongress in Gdttingon 1913. (Tenbner, 
Leipzig and Berlin 1914), p. 126. 

224 P. Soherrer, GSttinger Naohr. 8 July, 191b. 

228 Jkf. PJano/s, Berl. Bor. 1916, p. 668. , „ « a 

226 W. Nernst, Die thooratisohen und oxperimentellen Grundlagen dea 
nouen Warmesatzos. (W. Knapp, Halle PP’ 

227 0. SOioJcuT, Bor. cl. deutsoh. ohom. Qes. 47, 1318 ( 1914 ). 

228 0, Stem, Phys. Zoitsohr. 14 , 629 (1918); Zeitsohr. f. Elektrochemie 

^^ 229 ^ 0 ^* what followR of. the paper by 0. Stem quoted in the last note. 
Purthor, W. Nmist, Dio theorobisohen und expoMmenteUen Grundlagen 
dea neuou Warmesatzos. (W. Knapp, Hallo 1918), Oh, XIII. 

230 As regards this and the following chapter, the reader is referred for 
more exact details to the article of P. 8. Eastern in the Plmch number 

of “ Naturwissenaohalben” (1918, p. 280). _ „ mriiiis 

281 As the simplest Thomson atom, we are to imagine a sphere of radius 
a, filled with the unit charge e of posi- 

tive eleotrifloation, of space-density p, in ^ UJuJ | hv 
the middle of which an electron with / \ 

the charge -6 rests. This structure is / j}' \ 

externally neutral. If we draw the t J Y ' V 

electron out from the centre to a distance L ' ^ ^ 

f (see Pig. 14) the extewial (shaded) \ ' ' " , ^ | 

hollow sphere exerts no force on the ■ V - j 

eloobron, according to the well-known ' j|| y 

laws of electrostatics. The inner solid ^ |[f][|lf Jf 

sphere of radius r, on the other hand, . Ilil 

acts on the electron just as if its total ^ 

w .ni i., po,^«on oi 




Pin. 14. 
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therefore, 


that is, it is proportional to the distance of the electron from its position 
of e(iuilibrium. 

232 Of. also P. Drude, Lehrbuoh der Optik. 2. Aufl., Ohs, V and YII 
(Hirzel 1906). There is an English edition of this work. 

233 Of, W. Voigt, Magneto- und Blektro-optik (Teubner 1908). 

234 ikf. Planck, ]^r. d. Berl. Akad. d. Wiss. 1902, p, 470 ; 1903, p. 480 ; 
1904, p. 740; 1905, p. 382. 

238 H. A. Lorentz, The Theory of Electrons^ Oas, III, IV (Teubner 1909). 
236 The electron oscillates, when bound guasi-elastically, acoordiug to 

the equation of motion if we restrict ourselves to liniar os- 

cillations. Hera m is the mass of the electron, x is its distance from the 
position of rest, and / is a factor of proportionality. The solution of this 
differential equation is represented by the pure harmonic motion 
X = A cos (nt -b S) 

where the frequency is 


The frequency n is therefore, as we see, independent of the amplitude and 
therefore of the energy of vibration. 

237 The frequencies v of those spectral lines of luminous hydrogen, 
which are included under the name “ Palmer series,” may be represented 
with great accuracy by the following formula given by Palmer. 

V = n(K- where » = 8, 4, 5, 6 . . . oo . 


27 is here a constant, the so-called Bydberg number. If we set for the 
current number n the values 3, 4, 5 , . . we get in succession the fre- 
quencies of the red line of hydrogen (H^j), the green line (H^), and the 
blue line (Hy) and so forth. 

238 J. Stark, Ann , d. Phys, 43> 965 (1914) ; J. Stark and Q. Wendt, ibid., 

43, 983 (1914) ; J, Stark and H. Kirschbaum, ibid., 43. 991; 43, lOlT" 
(1914) ; J. Stark, ibid., 48 , 193, 210 (1915) ; J. Stark, 0. Hardtke and O. 
Liebert, ibid., 56 , 569 (1918) ; J. Stark, ibid., 56, 677 (1918) ; G. Liebert, 
ibid., 56 , 589, 610 (1918); J. Stark and 0. Hardtke, ibid. 58 , 712 (1919) ; 

J. Stark, ibid., SB, (1919). 

239 01 H. A. Lormtz, The Theory of Electrons (Teubner, Leipzig andi!: ^ 
Berlin 1909), Oh. m. 

240 H. Geiger and Mdrsden, Phil. Mag. April, 1913. 

241 jB, Butherford, PhU. Mag. 21, 669 (1911). 

242 According to O: G. Darwin [Thil. Mag, 27, 506 (1914)], the radius 
-of the nuoleoa, taken, as a sphere, is in the case of gold at the most 

= 3 , 10-12 cm?., in the case of hydrogen at the jnost = 2 . 10-18 oms. 
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= maoi)^ or = eE = e^z. 


According to Bohr's second hypothesia the moment of momentum 
rp^ — mva^ma^oi)) is a multiple of 


hence 


Prom these two equations for a and « we get for the discrete radii of the 
permissible quantum orbits 

an = -ifj- (« = 1, 2, 3 . . .) 

and the corresponding frequencies of rotation 

Q-n^e^z’hn 


The energy (Irinetio + potential) is 

W = ^nv^ + ^ ^ • 

therefore the discrete quantum values of the energy are 

2‘n^e*z^m 


If, in this expression , we set 


we recognise, that TF is a function of «, and hence of v ®be energy 

of the electron in the Buiherford model therefore depends, as stated in 
thetext, on its frequency of rotation V. 

If the electron passes from the nth to the fsh^^tum , 

cording to BoTve's third hypothecs, ahomogi^^^^tanl 
of ^reqhenoy I , ' 
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N- 


2ir^e^m 

''~W~ 


258 Of. note 237. 

219 It is of historical interest to note that, before Bohr, A. ,B. Saas in 
1910 (Sitzungsber. d. Wiener Akad. 10 March, 1910) succeeded in repre- 
senting Eydberg's number in terms of the universal constants e, h, m ; 
his result differed from that of BoTw only by a factor 8. He deduced his 
result as follows. Starting from J. J. Thomson's atomic model, which 
was generally accepted at that time, he calculated the maximum oscilla- 
tion-freq[uency (no. of revolutions) max of the electron in the simplest 
atom (hydrogen atom) for the case when this atom, provided with one 
energy-quantum, was circling just on the surface of the positive sphere. 
He obtained 

max = — To — * 
ft* 

This maximum frequency was next identified by Haas with the series 
limit (n = oo ) in Balmer's formula 


Then it follows that 


^^ 2 * ny 


Nama = 


167r*e^m 

h^ 


which is a value 8 times greater than ^Bohr- used this relation to 

calculate from the three quantities, the Bydberg number N, Planck’s 


e of the electron. In consequence of the factor 8 he obtained the value 
e = 3’18 . 10~^®, a value that is too small according to our present know-.- 
ledge, but which agreed well with the measurements of J. J. Thomstm&xyA 
H. A. Wilson, which were available at that time. 
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a$l BxpreBsed in terns of polar oo-ordinates the kinetic energy L as- 
sumes the ■well-known form : 

L » -f 

In it, w denotes the mass of the electron, the dots represent differentia- 
tion with respect to the time. The impulses and p,,, are then defined as 
follows (see note 48) s 


aea Only when each impulse depends solely on the corresponding 
21 (or when it is a constant), and when, in addition, the limits of the 
phase-integral are independent of the 2 <’s, does the phaso-intogral work 
out to a constant. This is by no means the case for any arbitrary choice 
of the co-ordinate-system, 

aeaP, B, PJpstoin., Ann. d. Phys. 80. 489 ; 61. 168 ( 1916 ). 
tXAK, Bchwcutuohild^ Sitzungsber. d. Berl. Akad. d. Wiss. 4 . Map 
1916 . 

s«8 A. Einstein, Verhandl, d. dentsoh. physikal. Ges. 19, 82 ( 1917 ). 
aw M, Plamh, Verhandl. d. deutsoh. physikal. Ges. 17, 407 , 488 ( 1916 ) ; 
Ann. d. Phys. 60, 886 ( 1916 ), 

267 The semi-major axis of the ellipse, which is characterised by the 
values n and n', here has the value 

^ hHn -t- n')® 


We sea that n' « 0 corresponds to the case of Bohr s circular orbits. 

968 The energy of the electron moving in the Kepler ellipse (n, n') here 
has the value „ , „ , 

™ 27r^e*»hn _ _ Nhe'^ 

^nn' “ W(^r+nf (n •+ n')®‘ 

The series formula (102) of the text then follows from Bohr’s Law of 
Frequency 







mo is the mass of the electron at vanishingly small velocities. 

Hence whereas the first term vq gives the old formula, which was; 
obtained by neglecting the infiuence of relativity, the small additional 
term vi represents the infiuence of relativity. As we observe, does not 
only depend on the quantum sums s + s' and n 4- w', but also on the 
individual values s, s', n, n'. This member, vi, is thus responsible for the 
fine-structure. 

270 If we apply the formula of the preceding note to Ha, we have to set ; 
a = 1, s -f s' = 2, n + n' = 3. We then get 


n[~ 

_22 32 _ 


+ Na^ 


1 , s' 1 , n' 

-r+ — T ■* 

4, s i n 


i 

JL 


1 

! 


H 

1 



1 

1 

^ 


1 

1 




L 



-JJk. J 


1 

C i 


7 1 

a 


Fia. 16. 


Corresponding to the possibilities of partition 


and 


2 = 2 + 0|oircle | g final orbits 
= 1 + IJ ellipse J 


3 = 3 •+• O'! circle ,i 

= 2 + 1 • ellipse • 3 initial orbits 
>; =s 1 + 2 J ellipse . 

(for dynamical reasons the azimuthal quantum number n cannot under 
normal conditions assume a zero value), we should expect 2.3 = 6 
possibilities of production and hence 6 components of the fine-structure 
of Ha. One of these components, however, namely, the one correspond- 
ing to the transition of the electron from the circle (n = 3, »' = 0) to the 
ellipse (a = 1, s' = 1) does not present itself under normal conditions, as 
follows from the ‘'Principle of Selection” enunciated by Bubinowici 
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In these expressions the symbols N and a have the f ollowiug meaning : 
N = . a = ^ ; „2 ig of the order 5-3 . 10-5 



The fraq^uenoy-number of the line Ila, (3, 0-»l, 1) is 


Thus 


corresponding to aXh = 0'167A. 

The hydrogen-doublet actually observed is measured from about the 
middle of la and Ib to the middle of Ilh and II<s, owing to the absence of 
Ila- This leads to the value 0’8 a\h, that is, to 0‘126A. 

According to a principle of correspondence enunciated by Bohr (see 
Chapter VI, § 9), as a result of which the azimuthal quantum number can 
only vary by + 1, the components Ib and lie are also absent. 

271 F, Paschen, Ann. d. Phys. 50, 901 (1916). 

272 Prom formula (97) of the text we get for the two Bydberg constants 
for hydrogen and helium : 


Moreover, according to note 269, we get 
value of the constant for the fine-structure 


From the first two relations, by using Him 


and Sommerfeld (see Chapter VI, § 9). Hence 6 components of the 
fine-structure remain ; their position is exhibited in Fig. 15, 

As we see, the 6 components arrange themselves into two Tnn.in groups, 
containing 8 and 2 members, respectively. The “missing” line JJa is 
dotted in. The distance Avu between la and Ila, Ib and Ilb, la and He is 
called the “ theoretical hydrogen doublet.” 

According to the above formula the frequency-number of the line 
la (3, 0“-^2, 0) IS 
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and hence 
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6 e Nii-lNim 
~ MaO ' Nne - Na ' 


The two Bydberg numbers Na and Nile have been measured by Pasdisn 
with great accuracy : 

Nk == (109677*691 + 0'06) . c 
Nile = (109722*144 ± 0*04) . c. 

Moreover ^ = F is the electrochemical equivalent {Faraday's num- 

’ Mil , c 

ber), that is, the charge which, in electrolysis, accompanies one gramme- 

atom (i.e. N = ~ atoms). This number has the value 
' Mh 

F = 9649*4 electromagnetic units. 

If we insert the three values of Nat Nkb and ^ in the relation above 
deduced, we get 


Mu . c 

— = 1*7686 . 10’ electromagnetic units, 

mffi 


'A 

uj 


a value which agrees very well with those values of this quantity whi(^ 
were obtained by direct methods (deflection of the cathode- and ^-rays 
the electric and magnetic field). Let us now write * 

nJi + !S- 

h* V 

or, using the value of given above, 

2ir%«oe^ „ 3 Nu * Nge 
W~ 4 Nn-iNue 

The right-hand side of this equation is known. If we combine with i 
the value for — just found, and also the value 

WqC 

a = 7*290.10-3 

he 

which foUovre from Paschen's measurements of the fine-structure in th 
case of helium, we have three equations in three unknowns e, I 
From them we get / 

e = (4*766 + 0*088) . 10-10 
- = (6*626 + 0*200). 10 -3’. 

According to Sommerfeld it is more advantageous to use Millikan's vali 
for e. We then get 

ce = (4*774 ± 0*004). 10-10 


h = (6*645 ± 0*009) . 10-=” 
La = (7*295 ± 0*005) . 10-*. 
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7i, fid. net, 

OowUnA (Oeorgio H.) 

A Preface to Siukbspbaue. Illuatrated. 
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7s, fid. net. All Illustrated. Bee- 
Keeping Do’s and Don’ts. zs. fid. net. 
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A Shepherd’s Life. Illustrated. Demy 
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Sunshine. Character and Comedy. 
Each 6s, net. The Gentlest Art. 6i. 6d. 
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Peal of Bells. Each Fcap. 8vo. 
31. 6d. net. 
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Bees in Amber. Small Pott Sw, zs. 
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The Growth of Ciy'ilization (Second 
Edition) i Back 6s. net. The Children 
ua Sun. iSi. nef.' 

Petrie (Sir Flinders) 

'.-•■A-, History of Egypt. ',ln 6 Volumes. 
,-.ybl. L^'.From In TO the XVIth 
'Edi^n, Revised. 
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'Dyiwt^. SetmlJi Edition, Revised. 
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Raleigh (Sir Walter) 

The Letters of Sir Walter Raleigh. 
Edited by Lady Raleigh. Two Vols. 
Illustrated. Second Edition Demy&vo. 

£i los. net. 
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London Types : Taken from Life. 
The text by W. Pett Ridge and the 
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The Wealth of Nations. Edited by 
Edwin Cannan. a Vols. Demy Sw. 
£i St. net. 

Smith (C. Fox) 
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Ballads. A Book of Famous Ships. 
Ship Alley. Each, illustrated, 6s. net. 
Full Sail. Illustrated. 5 ^. riet. 
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The Return of the " Cutty Sark.” 
Illustrated. 3s. 6d, net. A BOOK OF 
Shanties. 6s. net. 
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Atomic Structure and Spectral 
Lines. £i 12s. net. Three Lectures 
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The Letters. Edited by Sir Sidney 
Colvin. 4 Vols. Fcap, Sro. Each 
6s. net. 

Surtees (R. S.) 

Handley Cross. Mr. Sponge’s 
Sporting Tour. Ask Mamma. Mr. 
Facey Romford’s Hounds. Plain oh 
Ringlets ? Hillingdon Hall. Each 
illustrated, 7s. 6d. net. JORROCKS’S 

Jaunts and Jollities. Hawbuck 
Grange. Each, illustrated, 6s, net. 
Taylor (A. E.) 

Plato : the Man and His Work. 
Demy 8w. £i is. net, 

TMden (W. T.) 
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net. The Common Sense of Lawn 
Tennis. Illustrated, ss. net, 
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3znd Edition. 3s.6d.net. India Paper, 
Leather; 6s. net. 
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..iHVStijSRM (Eleventh Edition), 15s. net. 
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OF To-day (Sixth Edition). ys. 6d. 
Ha.' 'CONCERNtNO THE INNER LIFE 
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How TO Put Golf. 
tgth S'dition, Crown Stto, 

Waterhouse (Ellssabeth) 

A LiTTi.8 Book of Lifr antd Death. 
sand M'diitan, Small Pott 8w. as, 6d, 
mt, 

WUde (Oscar). 

Tub Works. Ini6Vola. Bach 6s, 6 d. 
net, 

I. I.K)Rn Arthto Saviu’s Crime and 
ms Portrait of Mr. W. h. ii. Thr 
Duchbs of Padua. HI. Poems. IV, 
Lady Windermere’s Pan. V, A 
Woman op No Importancb. VI. An 
iDiAi. Hosbano. VII. Twb Impor- 


tance OP Being Earnest. VII I. A 
House op Pomegranates. IX, In- 
tentions. X, Db PrOFUNDIS AND 
Prison Letters. XI. Essays. XH. 
SAtoME, A Florentine Tragedy, and 
La Saints Courtisane. XIII. A 
Critic in Pall Mau. XI V, Selected 
Prose op Oscar Wilde. XV. art and 
Dhcoration. XVI, For Love op the 
King. (jr. «af.) 

WllUam II, (Bx-Oerman Emperor) 

My Early Life. Illustrated. Jjemy 
8w). £t los, net, 

Williamson (O. 0 .) 

The Book of Famille Rose. Richly 
Illustrated, Dmy 4*0. £8 8j, net. 
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The Antiquary*# Boolds 
Mack, Illustrated, Dem> Soc. iw. 6 d, net, 
A aerie* of volumes dealina with various 
hranehts ol Englisli Antiquities, 00m- 
prehemlve and popular, as well as 
ftccttrate and scholarly. 

The Arden Shakespeare 
Edited by W. J. Craig and R. H. Case. 
Mach, wide De»^ 8w. fir. net. 

The Ideal Library Edition, In slnffle 
plays, each edited wltli a full Introduc- 
tion, Textual Notes and a Commentary 
at the foot of the page. Now complete 
in 30 Vola. 


Claaaloai of Art 

Edited liy J. H. W. Laing, Bach, pro- 
fusely illustrated, wide Royal 800. isi< 
tiet to £3 3 i< ntt, 

A Library of Art dealing with Great 
Artists and with brandies of Art 


The “ Complete '* Berl^ 

Bmy 8w. Fully illustrated. 51. net 
M i8f. net each, 

A series of books on various sports and 
pastimes, all written by acknowledged 
euthoritiss. 


The Ooiinolaaeur’s Library 
With mmrous Illustrations. Wldt 
Royal Stx). £1 ni, fid. net each ml. 
European Enamels. Fine Books. 
OtAsa. Goldsmiths' and Silver- 
smith®’ Work. Ivories, jrEWtt,LBRY. 
Mbwotints. Porcelain. Seals. 

The Do’a and Hont's Series • 

Fotw, $vo, Sts, fid. net each, 

This serlw, although only in Its In- 
laney, Is already famous. In due course 


it will comprise clear, crisp, informative 
volumes on all the activities of life. 
Write for full list 

Faiths: Varieties of Christian 
Expression. Edited by L. P. Jacks, 
M.A., D.D., LL.D, Crown Svo, ss, net 
each volume. The first Volumes are; 
The Anglo-Catholic Faith (Rev. 
Canon T. A, Lacey) ; Modernism in 
mfi English Cnimai (Prof. P, Gard- 
ner) ; The Faith and Practice of the 
Quakers (Prof. R. M. Jones) ; 
Congregationalism (Rev. Princ. W. B. 
Sblbib) ; The Faith op the Roman 
CHURCH(F athcr C.C. Martindale,S,J.), 
The Library of Devotion 
Handy editions of the groat Devotional 
books, well edited. Small Pott &vo, 
3r, net and 31. fid. mt. 

Little Books on Art 
Well Illustrated, Demy x 6 mo. Each 
51. net. 

Modarn Mastorpleoes 
Beat), 8 vo. 3.T. fid, each volume, 
Pocketnble Editions of Worlcs by 
Hilaire Belloc, Arnold Bennett, 
E. F. Benson, G. K. Chesterton, 
Joseph Conrad, George Gissing, 
Kenneth Grahamb, w. H. Hudson, 
E. V. Knox, Jack London, E. V. 
Lucas, Robert Lynd, John Masefield, 
A. A Milne, Arthur Morrison, Eden 
Phillpotts, and R. L. Stevenson, 
Sport Sorlesi 

Mostly Illustrated. Fcap. Svo. as. net 
to 5s, mt each. 

Handy books on all branches of spori If 
experts. 
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Methuen’s Half-Crown Library 
Crown 8uo and Fcap. Svo. 

Methuen’s Two Shilling Library 
Fcap. 8t)o. 

Two series of cheap editions of popular 
books. 

Write for complete listt 
The Wayfarer Series of Books for 
Travellers 

Crown Svo, js. 6d. net each. Well 
illustrated and with maps. The vol- 
umes are : — ^Alsace, Czecho-Slovakia, 


The Dolomites, Egypt, Hungary, 
Ireland, The Loire, Provence, Spain, 
Sweden, Switzerland, Unfamiliar Japan, 
Unknown Tuscany. 

The Westminster Commentaries 
Demy 8t)o. 8r. 6d. net to i6i. net. 
Edited by W. Lock, D.D., and D. 
C. Simpson, D.D, 

The object of these comnientaries is 
primarily to interpret the author’s mean- 
ing to the present generation, taking 
the English text in the Revised Version 
as their basis. 
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